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ASYMPTOTICALLY EXACT LOCAL DISCONTINUOUS
GALERKIN ERROR ESTIMATES FOR THE LINEARIZED
KORTEWEG-DE VRIES EQUATION IN ONE SPACE
DIMENSION

MAHBOUB BACCOUCH

Abstract. We present and analyze a posteriori error estimates for the local discontinuous
Galerkin (LDG) method for the linearized Korteweg-de Vries (KdV) equation in one space di-
mension. These estimates are computationally simple and are obtained by solving a local steady
problem with no boundary condition on each element. We extend the work of Hufford and Xing
[J. Comput. Appl. Math., 255 (2014), pp. 441-455] to prove new superconvergence results towards
particular projections of the exact solutions for the two auxiliary variables in the LDG method
that approximate the first and second derivatives of the solution. The order of convergence is
proved to be k + 3/2, when polynomials of total degree not exceeding k are used. These results
allow us to prove that the significant parts of the spatial discretization errors for the LDG solution
and its spatial derivatives (up to second order) are proportional to (k + 1)-degree Radau poly-
nomials. We use these results to construct asymptotically exact a posteriori error estimates and
prove that, for smooth solutions, these a posteriori LDG error estimates for the solution and its
spatial derivatives, at a fixed time ¢, converge to the true errors at O(h*+3/2) rate in the L2-norm.
Finally, we prove that the global effectivity indices, for the solution and its spatial derivatives,
converge to unity at O(h!/2) rate. Numerical results are presented to validate the theory.

Key words. Local discontinuous Galerkin method; KdV; superconvergence; Radau points; a
posteriori error estimates.

1. Introduction

The famous nonlinear Korteweg-de Vries (KdV) equation
Ut + 0y + YUy + Puggs =0,

with constants «, (3, and ~, is derived by Korteweg and de Vries in 1895. It
describes the propagation of waves in a variety of nonlinear dispersive media. The
KdV equation is a generic equation for the study of weakly nonlinear long waves
and arises in many physical situations, such as surface water waves and plasma
waves. It has been shown that the KdV equation describes a large class of solitons
observed in various situations: acoustic waves on a crystal lattice, plasma waves,
hydrodynamics internal or surface waves, elastic surface waves, and waves in optical
fibers (see e.g., [27]).

In this paper we develop and analyze an implicit residual-based a posteriori error
estimates of the spatial errors for the semi-discrete local discontinuous Galerkin
(LDG) method applied to the linearized KdV equation

(1.1a) Uy + aug + Puges =0, x € [a,b], t €[0,T],

subject to the initial and periodic boundary conditions

(1.1b) u(z,0) = uo(z), € la,bl,

(L.le) wu(a,t) =u(b,t), wuz(a,t)=ug(bt), uzz(a,t)=uz(bt), te€][0,T].
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We would like to emphasize that the assumption of periodic boundary conditions
is for simplicity only and is not essential. In our analysis we select ug(z) such that
the exact solution u(x,t) is a smooth function on [a, b] x [0,T].

The LDG method we discuss in this paper is an extension of the discontinuous
Galerkin (DG) method aimed at solving partial differential equations containing
higher than first-order spatial derivatives. The DG method is a class of finite ele-
ment methods, using discontinuous, piecewise polynomials as the numerical solution
and the test functions. It was first developed by Reed and Hill [31] for solving hy-
perbolic conservation laws containing only first-order spatial derivatives in 1973.
Consult [25] and the references cited therein for a detailed discussion of the his-
tory of DG method and a list of important citations on the DG method and its
applications. The LDG method for solving convection-diffusion problems was first
introduced by Cockburn and Shu in [26]. They further studied the stability and
error estimates for the LDG method. Castillo et al. [19] presented the first a priori
error analysis for the LDG method for a model elliptic problem. They considered
arbitrary meshes with hanging nodes and elements of various shapes and studied
general numerical fluxes. They showed that, for smooth solutions, the L? errors in
Vu and in w are of order k and k + 1/2, respectively, when polynomials of total
degree not exceeding k are used. Cockburn et al. [24] presented a superconver-
gence result for the LDG method for a model elliptic problem on Cartesian grids.
They identified a special numerical flux for which the L?-norms of the gradient and
the potential are of orders k + 1/2 and k + 1, respectively, when tensor product
polynomials of degree at most k are used.

Yan and Shu [35] developed the first LDG method for solving KdV type equations
in one and two space dimensions. They proved L? stability and a cell entropy
inequality for the square entropy for a class of nonlinear KdV equations in both
one and multiple space dimensions. They also proved an optimal error estimate for
the linear cases in the one-dimensional case. In [33], Xu and Shu proved L? error
estimates for the semi-discrete LDG methods for the fully nonlinear KdV equation
with smooth solution. The order of convergence is proved to be k + 1/2, when
k-degree piecewise polynomials with k > 1 are used. Later, Xu and Shu [34] proved
optimal L? error estimates of the semi-discrete LDG methods for solving linear
higher-order wave equations including the linearized KdV equation. More recently,
Hufford and Xing [30] studied the superconvergence property of the LDG method
for solving the linearized KdV equation. They selected a special projection of the
initial condition and proved that the LDG solution is O(h*+3/2) super close to a
particular projection of the exact solution, when the upwind flux is used for the
convection term and the alternating flux is used for the dispersive term.

A posteriori error estimates lie in the heart of every adaptive finite element algo-
rithm for differential equations. They are used to assess the quality of numerical
solutions and guide the adaptive enrichment process where elements having high
errors are enriched by h-refinement and/or p-refinement while elements with small
errors are h- and/or p-coarsened. Furthermore, error estimates are used to stop the
adaptive refinement process. For an introduction to the subject of a posteriori error
estimation see the monograph of Ainsworth and Oden [6]. Several a posteriori DG
error estimates are known for hyperbolic [22, 23, 28] and diffusive [29, 32] problems.
Adjerid and Baccouch [3, 12, 10] investigated the global convergence of the implicit
residual-based a posteriori error estimates of Adjerid et al. [5]. They proved that
these a posteriori error estimates converge to the true spatial error in the L?-norm
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under mesh refinement. Later, Adjerid and Baccouch [1, 2, 17] investigated DG
methods on structured and unstructured triangular meshes with several finite el-
ement spaces to discover new superconvergence properties and compute accurate
error estimates. In [11, 15], the author analyzed the superconvergence properties
of the LDG formulation applied to transient convection-diffusion problems in one
space dimension. We proved that the leading error term on each element for the so-
lution is proportional to a (k + 1)-degree right Radau polynomial while the leading
error term for the solution’s derivative is proportional to a (k+ 1)-degree left Radau
polynomial. We further used these results to construct a posteriori error estimates
and proved that these LDG error estimates are asymptotically exact under mesh re-
finement. In [8, 16], we presented new superconvergence results for the LDG method
applied to the second-order scalar wave equation in one space dimension. Later,
in [9], we investigated the global convergence of the a posteriori error estimates
developed in [8]. We used the superconvergence results [16] and proved that, for
smooth solutions, these a posteriori error estimates at a fixed time converge to the
true spatial errors in the L2-norm under mesh refinement. In [13, 14], we developed
and analyzed a new superconvergent LDG method for approximating solutions to
the fourth-order Euler-Bernoulli beam equation in one space dimension. We further
constructed new a posteriori error estimates and proved that these error estimates
converge to the true spatial errors in the L?-norm under mesh refinement. Recently,
Adjerid and Baccouch [18, 4] showed that LDG solutions are superconvergent at
Radau points for two-dimensional convection-diffusion problems. They used these
results to construct asymptotically correct a posteriori error estimates. More re-
cently, the author [7] analyzed a superconvergent LDG method for the second-order
wave equation on Cartesian grids. He further constructed efficient and accurate a
posteriori error estimates.

In this paper, we apply the superconvergence results of Hufford and Xing [30] to
prove that the (k+ 3/2)-th order superconvergence rate holds not only for the solu-
tion itself but also for the auxiliary variables in the LDG method approximating the
various order derivatives of the solution. Our proofs are valid for arbitrary regular
meshes and for P* polynomials with arbitrary k& > 1. Our new superconvergence
results are needed to prove that the true errors can be divided into significant
and less significant parts. The significant parts of the discretization errors for the
LDG solution and its spatial derivatives are proportional to (k + 1)-degree Radau
polynomials. Superconvergence results are used to construct asymptotically exact
a posteriori error estimates by solving a local steady problem on each element.
We further prove that these error estimates converge to the true spatial errors at
O(hk+3/ %) rate. Finally, we prove that the global effectivity indices in the L?-norm
converge to unity at O(h'/?) rate. Our computational results indicate that the
observed numerical convergence rates are higher than the theoretical rates. In our
analysis time integration is assumed to be exact and thus we are only estimating
the spatial errors of the semi-discrete LDG method.

This paper is organized as follows: In section 2 we present the LDG scheme for
solving the linearized KdV equation and we introduce some notation and definitions.
We also present few preliminary results which will be used in our error analysis.
In section 3, we prove our main superconvergence results. In section 4, we develop
our a posteriori error estimation procedure and prove that these error estimates
converge to the true errors under mesh refinement in L?-norm. In section 5, we
present a numerical example to validate our theoretical results. We conclude and
discuss our results in section 6.
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2. The LDG method and preliminary results

2.1. The semi-discrete LDG scheme. In order to construct the LDG method,
we first introduce two auxiliary variables ¢ = u, and p = ¢, and rewrite our model
problem (1.1a) as a first-order system in space

(2.1) U+ uy +PBpe =0, p—qg:=0, g—u,=0.
We divide the computational domain I = [a, b] into N subintervals I; = [z;_1,x;], i =

1,....,N, where a = 29 < 21 < --- < xny = b. We denote the length of I; by
h; = x; —x;—1. We also denote h = max h; and h.,,;, = min h; as the length of
1<i<N 1<i<N

the largest and smallest subinterval, r(;s;;ectively. Here, we consider regular meshes,
that is h < Khpn, where K > 1 is a constant (independent of h) during mesh
refinement.

Throughout this paper, v|i denotes the value of the function v = v(z,t) at © = x;.
We also define v~ |l and v |l to be the left limit and the right limit of the function
v at the discontinuity point x;, i.e.,

o] = () = Sl_i)r(r)lﬁ v(z; + s,1), vt =0t (w,t) = Sl_igl+ v(z; + s,1).

Let us multiply the three equations in (2.1) by test functions v, w, and z, respec-
tively, integrate over an arbitrary subinterval I;, and use integration by parts to
write

(2.2a) / ugvdr — / (au + Bp)v.dx + ozuv|i - auv|i71 + ﬁpv|i — ﬁpv|i71 =0,
I; I;

(2.2b) / pwdx —|—/ qugdx — qw|i + qw|i71 =0,
I. .

i i

(2.2¢) / qzdx +/ uzpdx — uz|i + uz|i71 =0.
I; i
We define the piecewise-polynomial space th as the space of polynomials of degree
at most k in I;, i.e.,

ViF={v: v|;, € PMIL), i=1,...,N},

where P¥(I;) is the space of polynomials of degree at most k on I;. Next, we
approximate the exact solutions u(.,t), ¢(.,t), and p(.,t) by piecewise polynomials
un(.,t) € VIE, qn(.,t) € V¥, and py(.,t) € Vi, respectively, whose restriction to I;
are in P*(I;). Here up, qp, and py are not necessarily continuous at the endpoints
of I; since polynomials in the space V;* are allowed to have discontinuities across
element boundaries.

The semi-discrete LDG method consists of finding up, g, pr such that V i =
1,...,Nand Vv,w, z € Vh{“,

/ (up)rvdx — / (aun + Bpn)vedr + atipv™ |, — atpvt|, |
Ii Ii

(2.3a) +Bpnv~|, = Bpnv™|, | =0,

(2.3b) / prwdx + / grwedz — Gnw™ |, + guw|,_ =0,
I; I;

(2.3¢) / qnzdx + / Up2pdr — ﬁhz_|i + ﬁhz+|i71 =0,
I; I;

where the tilde and hatted terms, 4y, un, §n, and pp are the so-called numerical
fluxes, which are yet to be determined. These numerical fluxes are nothing but
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discrete approximations to the traces of u,q and p on the boundary of the ele-
ments. They must be designed to guarantee stability and local solvability of all the
auxiliary variables introduced to approximate the derivatives of the solution. The
local solvability of all the auxiliary variables is why the method is called a ”local”
discontinuous Galerkin method in [26].

The initial condition up(z,0) € V}f is obtained using a special projection of the
exact initial condition. This particular projection will be defined later.

In order to complete the definition of the semi-discrete LDG method we need to
select the numerical fluxes 4y, Up, §n, and pp on the boundaries of I;. We begin
by defining the numerical flux 4y, associated with the convection term. We pick the
classical upwind flux which depends on the sign of a. If @ > 0 then 1 should be
picked as u, and if @ < 0 then @y should be picked as thr Similarly, ¢, should
be picked as q,f if 3 >0 and ¢, if 5 < 0. For the numerical fluxes tn, pn, it
was shown in [30, 34, 35] that it is possible to obtain optimal error estimates and
superconvergence results if these numerical fluxes are chosen as alternating fluxes
i.e., either (4y, = u; , pr, = p;) or (@n, = u;, pn = p; ). Without loss of generality,
we assume « > 0 and 8 > 0. Therefore, we can take the following numerical fluxes:

(2.3d) U =uy,, An=uy, dv=gqy, Pn=p}.

The fluxes (2.3d) guarantee stability and convergence; see [34]. We note that this
choice is not unique. For instance the choice 4y, = u; , U, = uZ, qn = q;f, Dh = Dy,
is also fine.

2.2. Initial conditions for the LDG scheme. In order to prove superconver-
gence results, we need to use a suitable projection of the initial condition for the
numerical scheme wuy(z,0). We first need to define some projections, which are
commonly used in the analysis of DG methods: For k > 1, we define two special
projections P;F into V}¥ as follows: For any smooth function u, Pifu € V; and the
restrictions of P}j uw and P, u to I; are the unique polynomials in the finite element
space V}F satisfying, for each i =1,--- | N,

(2.4) / (Pyu—u)vde =0, Yo e P7(I;), and (Ph_u)*|i = u|i,
I;

(2.5) /1 (Pfu—w)vde =0, ¥ v € PP1(I;), and (P}j’u)ﬂF1 = u‘iil.

These special projections are used in the error estimates of the DG and LDG

methods to derive optimal L? error bounds in the literature, e.g., in [20]. They are

mainly used to eliminate the jump terms at the element boundaries in the error

estimates in order to prove the optimal L? error estimates.

Recently, Hufford and Xing [30] studied the superconvergence property for the LDG

method for solving (1.1). They selected a special projection of the initial condition

up(z,0) = Plu(z,0) € V¥ and proved that the LDG solution is O(h*+3/2) super

close to P, u. The operator P,% is designed to better control the error of the initial

condition. It is defined as follows: for any function v we let ¢ = u, and p = ¢,

and suppose qp, pn € th are the unique solutions (with given Plu) to

(2.6a) /I prwdx —|—/ qrwydx — q;{w“i + q:{w+|¢—1 =0, YweVk,

i i

(2.6b) / gnzdx —|—/ Plu z,dx — (P,%u)*z*‘i + (P,}u)*zﬂi_l =0, VzeVk,
I; I

i
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then we require

(27a)(Ph_u—P}}u)7|7l - (P}j_q _Qh)+|i - (P}jp_ph)+|ia

(2.7b)/ (P u— Plu)vdr = / (Pta—an) — (Pfp—pn)) vdz, Vv e PFH(I).
I; I;

Proof for the existence and uniqueness of Phllu is provided in [30], more precisely in
its Lemma 2.1.

Lemma 2.1. The operator P} exists and is unique. Moreover, we have the follow-
ing estimate

28) [[(Bru— PO + (B - an) O + (B — pi) (L 0)] <€ 14972,

where C = C(a, B, A, [[ully,5.7) 8 a constant and A = h/hmm is a constant during
mesh refinements.

In our mathematical error analysis we will approximate the initial condition on
each interval I; as

(2.9) up(z,0) = Plu(z,0), € I;, i=1,---,N.

As discussed in [30], this operator is only needed for technical purposes in the proof
of the error estimates. In our numerical experiments we used the special projection
P}, the projection P, and the standard L? projection and observed similar results.

2.3. Notations and preliminary results. We deﬁne the L? inner product of
u=u(z,t)and v = v(z,t) on I; = [z;_1, ;] as (u(., ), )i = fl (z,t)dz.
Denote |[[u(.,?)llq; = ((u(.,t),u(.,t))i)l/2 to be the standard L2—n0rm of u on
I;. Let H*(I;), where s = 1,2,..., denote the standard Sobolev space of square
integrable functions on I; with all derivatives dJu, j = 1,2,...,s being square
integrable on I; and equipped with the norm

HU HS[ - ZH@J t)H(Q),L:

We also define the norms on the whole computational domain I as follows:

lu(,O)llor = (Z [[ul., |01>1/2, [l (Z [[ul., |g1>1/2-

For convenience, we use [lul| and [lul|; to denote [luf|, ; and ||ul|, ;,, respectively.
Also, in the remainder of this paper, we will omit the notation (., t) used in norms
unless needed for clarity. Thus, we use ||u|| instead of ||u(.,t)|| etc. We note that if
u€ H*(I), s =1,2,..., the norms [[u(.,?)[|, ; on the whole computational domain

is the standard Sobolev norm (ZJ 0 H@ U Ho 1) i .

In our analysis we need the Legendre and Radau polynomials. Let us denote by
Ly, the Legendre polynomial of degree k on [—1,1]. We define the (k 4 1)-degree
right Radau polynomial on [—1,1] as R,Ll({) = Lp1(€) — Lp(€), =1 < € <1,
which has k + 1 real distinct roots, —1 < &5 < -+ < f,j = 1. We also define the
(k + 1)-degree left Radau polynomial as R,;H(ﬁ) = Lpp1(8) + Li(6), —1<€<1,
which has k£ + 1 real distinct roots, -1 =§; <--- <¢_ <1

Mapping the physical element I; = [x;_1, ;] into a reference element [—1,1] by
the standard affine mapping x(&, h;) = H% + %f , we obtain the shifted Radau

1/2
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QIE—fEi —X;—1

polynomials Rki+17i(x) = Rkj:_l (hi) on I;. Next, we define the monic left

and right Radau polynomials, 1/12[4_1 ;(x), on I; as w,il J@)=1](z— xiij), where
; . iy .

xlij are the roots of RkiJr“(f) shifted to I;, i.e.,

(2.10) gt o= Tt T

hi + .
i, 2 +E£jajzoa17"'ak'

Next, we recall some results from [11] (more precisely in its Lemma 2.1) which will
be needed in our a posteriori error analysis.

Lemma 2.2. The (k+ 1)-degree monic Radau polynomials on I;, 1/1,f+1_i(x), satisfy

!/ _ ’
(2.11a) /I dj’j-i-lﬂ w/:r+17idx = —2¢;h*H2, /I Vit Vpgr,00 = 2702,

2

2
_ / _
(2.11D) /Iw,ﬁu Wy do = —26R22, Hmu i Hw,ﬁu = dehi,
where
[(k+1)!)? 2(2k + 2) )
2.11 _ LR+ ) __ 2R F2) o
(2.11c) CT okl T Rk r Dk 3)

Throughout this paper, e, = u —up, e; = ¢ — qn, and e, = p — py,, respectively,
denote the errors between the exact solutions of (2.1) and the numerical solutions
defined in (2.3). Let the projection errors be defined as €, = u — P, u, ¢ =
q— P}j q, €p =D — P}j p, and the errors between the numerical solutions and the
projection of the exact solutions be defined as €, = P, u—uy,, €, = ,jq —qn, €p =
P};rp — pn- We note that the true errors can be split as

(2.12) €y =€, + €y, €q=¢€;+E, €p,==¢r+Ep.
We also note that, by the definitions of the projections P,f, the following hold

— _+‘ _+‘_
EU|¢_6q i1 =% ;=0

(2.13) /1

i

€Uz dr = /
I

i

€qUzdx = / epUgdr =0, Vove Pk(Ii),
I

i

where we used the fact that v € P¥(I;) and thus v, € P 1(I;).
We subtract (2.3) from (2.2) with v, w, z € V}¥ and we use the numerical fluxes
(2.3d) to obtain the LDG orthogonality conditions for e,, €4, and e, on I;

/ (ew)rvdx — / (cvey + Bep)vpde + ae, v ‘1 - 04617”+ i1
I; I

i

(2.14a) +Bey v, = Beyut],_, =0,

(2.14b) /I epwdr + /I eqWgdr — e;w_‘i + e;w+|i_1 =0,

(2.14c) / eqzd + / euzads — ey 27|, + ez |, =0,
Ii Ii
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which, after splitting the true errors as in (2.12) and applying (2.13), yields the
following error equations

/ (en)ivda — / (aly + Bep)vada + aeyv™ |, — ag, v,
I; I

i

(2.15a) +BefvT|, — Bevt|, , =0,

(2.15Db) /1 epwdzr + /I eqwedr —efw™|, +efwt| _ =0,

(2.15¢) / eqzda + / Cuzadr — €, 2" [, +E, 27 ], =0.
Ii Ii

Integrating by parts, the equations in (2.15) are equivalent to
/I» (ew)rvda + /I (a(Ey)s + B(Ep)z)vdr + (é;' - é;) U+|1,_1
(2.16a) +8 (& —e;) v,

(2

(2.16b) / epwdr — / (€g)ewdz + (€, w™ — &l )w™|, =0,
I; I;

:O,

= =t =\, —
(2.16¢) / eqzdr — / (6u)ozdr — (eF —€,) 2 |i71 =0.
I I
Since €, €4, €, € th are piecewise polynomials, we define €,, €4, and €, on each
element [I;, as

Tr — Ty _ T — Tj—-1 T — Tj—1
%Ci, €q = 61 + — T —

(2.17a) &, = a; + 5 o di, ep =" + i
where ¢;(.,t), di(.,t), gi(.,t) € P*71(I;) and
(2.17b) a; =¢€,|, Bi= ét—]|—|1'_1’ Vi = é:j‘i—l'

Throughout this paper, ¢(.,t) € th_l, d(.,t) € th_l, g(.,t) € th_l, 1 (x) € VL,
da(z) € ViL, ¢3(z) € Vi1, and ¢a(z) € V}! denote piecewise polynomials which are
defined as follows:

(2.18a) c(z,t) = ci(z,t), d=di(z,t), g(z,t) = gi(z,t), on I,
(2.18b)
61(2) =@ i1, Ga(w) = — @, ale) = ————, da(2) = ——, on I
Clearly, we have
(2.18c¢) max |¢1 (z)| = max|¢z(z)] = h,  max|¢s(z)| = max|¢a(2)] = 1.

In our analysis, we need the following well-known projection results [21]: For any
smooth functions u, ¢ = u,, and p = u,,, there exist positive constants C; — Cs
depend on the exact smooth solution u and its derivatives, but independent of the
mesh size h, such that
(2.19)

05 eull < CLR*TE 08¢, |l < Cah® L, |105e,|| < C3h* T, s =0,1,2,....

Here € = él(HaqukJrL[)v Cy = CN’Q(Hafu”kJrg,[)a Cs = C~(3(||8igu||k+3,1)v where

Cy — Cs are positive constants independent of h.

From now on, the notation C, Cy, C1, C*, etc. will be used to denote positive
constants that are independent of the discretization parameters, but which may
depend upon the exact smooth solution of the partial differential equation (1.1a)
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and its derivatives. Furthermore, all the constants will be generic, i.e., they may
represent different constant quantities in different occurrences.

In the next lemma we recall the following results from [11] (more precisely in its
Lemma 2.1) which will be needed in our analysis.

Lemma 2.3. If f(x) € C! on I;, then
T — Ti—1 d T — 1‘1 _

(2.200) [fjfﬂw%(ﬂﬁﬁwmomz o | fas

In the next theorem, we recall some results from [30] which will be needed in our
error analysis.

Theorem 2.1. Let k > 1 and (u, ¢ = g, p = qz) and (upn, qn, pn) Tespectively,
are solutions of (2.1) and (2.3) subject to up(x,0) = Plug(z), then there exists a
constant C' independent of h such that

(2.21a) leu| < C RFFL
(2.21b) [(en)e]] < C RFHL
(2.21c) leg| < C RF+L
(2.21d) lepl| < C hFFL
(2.21e) e < C rF+3/2,

Proof. Cf. Hufford and Xing [30]. More precisely, the estimates (2.21a)-(2.21d) can
be found in its Lemma 2.2. The superconvergence result (2.21e) can be found in
its Proposition 3.1. (]

In order to prove that the (k+3/2)-th order superconvergence rate holds also for
the two auxiliary variables in the LDG method, we state and prove the following
additional results.

Theorem 2.2. Under the same conditions as in Theorem 2.1, there exists a con-
stant C' > 0 such that

(2.22a) 1(€q)e(,0)I < C R

(2.22b) 1€):(-,0)[ < C A

(2.22¢) [(€u)e(0)]] < C K32

Proof. On the one hand, taking the first time derivative of (2.2b) and (2.2¢) we

obtain

(2.23a) / prwdx —|—/ qrwedr — g w™ | +qfw ‘ =0, YVwe th,

I I

(2.23b) / qrzdx —|—/ U zgdr — u;z_‘i + u;z"’|i_1 =0, VzeVk
I; I;

Similarly, taking the first time derivative of (2.6a) and (2.6b) yields

(2.248) /ﬂme+/@m%m—@hw|+qp*ﬂ 0,
Ii Ii

(2.24b) / (gn)tzdx —|—/ (Plu)szpdr — (P,}u);z*‘i + (P,%u);z+|i_l =0.

i i
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Subtracting (2.24) from (2.23), we obtain

(2.25&]{ (ep)rwdz + / (eq)twedr — (eq)f w™ |1 + (eq);rwJ“L,_1 =0,

(2.25be (eq)tzdx + /I (u — Plu)szpdr — (u — Pﬁu);z*h + (u— Pﬁu);zﬂi_l =0,

which, after splitting the errors as u—Plu = u—P}:u—l—P};u—Phllu = eu+P}ju—Pﬁu,
eq = €q + €4, €p = €, + €, and using the properties (2.13), is equivalent to

(2.26) /I (ep)rwdx + /Iv(éq)twmdx - (éq)jw7|i + (éq)jw+|i71 =0,

/Iv(e(I)tde + /I (P, u— Plu)yzpdr — (P, u— P}}u)t_zf|i + (P u— Phllu)t_zwi,l =0.

On the other hand, taking the first time derivative of (2.7) and using the properties
(2.13) yields

(P u— Pi}u)t_h = (€q — ép)ﬂiv / (P u— Pyu)dr = / (€q — €p)evdx, Vv e Pkil(Ii)-
I; I;
Combining these conditions with (2.26) we get
(2.27a) / (e)wda + / (eq)wadz — ()7 w™ |, + (E)Fw*|,_, =0,
I

(2.27b)/»(eq)tzdx + /I (€q — €p), Zzdx — (€ — ép);rz_‘i + (eq — ép)jzﬂi_l =0.
Now, taking w = (€4): and z = (€, — €,); in (2.27), we get

[ eont@da+ 3 (@) = @)1, = 3@, + 502, =0,

\/Ii (eq)t(€q — &p)edr + % ((éq - ép);r — (g — ép);)z |l - %((éq - ép)zr)Q‘i

..
+§((eq - ep);,i—)2|i_1 =0.

Adding these two equations, using (2.12), summing over all elements, and using the
periodic boundary conditions, we obtain, at ¢t = 0,

1 _
@O + [ (@ (@0 @olde = [ @@t + 53 (@1 - @)

2
| +
1 N _ o _ .2
52((6(1_%)1‘, _(eq_ep)t) |i:0-
i=1

Thus, at ¢t = 0, the following holds
@28 0 < = [ (it (@) Ehde+ [ ot
On the other hand, letting w = (&, + €,); and z = —(&,) in (2.27) leads to

/1 (ep)e(Eq + Ep)edc + / (€a)e(Ea + ep)ardz — (€0)7 (g + )i |, + (Ea)F (€4 + )T, = 0.

- / (ea)e(@p)rdz — / (60 — &), Ep)atdi + (Zg — Ep)F (@)1 |, — (&g — n)F (&)F,_, = 0.

I; I;
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Adding these two equations and using (2.12), we obtain

[ @nas s [ (e~ (e @nde+ [ (@hiegido+ [ @ilegds

Ii I,, Iri Ii

+/1v (Ep)e(Ep)atdr — (q)i (Bq)s |, — ()7 (En)y |, + ()i )|, + ((@))?],_, =0,

which is equivalent to

[ @nrde+ [ (@)= @0 @hdo+ [ (@)

I; I; L

1, N2 1 9 1 9 1, o _\2
+§ ((eq):— — (&) ) |i - 5((6(1)?) |l + 5((611);'—) |i,1 + ) ((ep);,i— — (&) ) |i

1 1 n

_5((ép)j)2|i + 5((610)1‘, )2|i71 =0.

Summing over all elements and using the periodic boundary conditions, we get, at
t=0,

N
@01+ 5 3 (@) = @)+ (@) —@)i)?] |
- / (eq)e — (e)e) (ep)eda — / (ep)e(Eq)eda.
Hence, at t = 0, the following holds
(2.20) 1@, 0)|> < / (eq)e — (ep)e) (Ep)edz — / (6p)e(Eq)edl

Now, adding (2.28) and (2.29) yields

1E) (O + @) O < — / (eq)e + 2(ep)s) (Eg)udde + / (2(eq)e — (ep)e) (Ep)edl.

I I

Applying Cauchy-Schwarz inequality and using the projection results (2.19) yields

1E O + @O < (n(eq)t(.,mn 2 ||<ep>t<.,o>||) 1@ 0| +
(2 Nea)e(-O)] + ||(ep>t(.,o>||) 1@ 0
< ot ( 1Ee 0 + [@)e( )] )

Using the inequalities ab < a® + 1b% and (a + b)? < 2(a® 4 b?), we obtain

_ 2 _ 2 Lo 2 _ 2
IO + e O < €217+ 4 & (e (Ol + e (O )
As a consequence, we obtain
_ 2 _ 2
1) O + 11(E)e (L O < Ch**2,
which completes the proofs of (2.22a) and (2.22b).
Finally, we will prove (2.22c). Since uy(z,0) = Plu(x,0), (2.7) can be written as

é;‘i = éﬂi - ézﬂi’ /I eqvdr = /I (€q — &p)vdx, Vv e Pkil(Ii)-

i i
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Substituting these equations into (2.15a), we obtain, at t = 0

/1 (ew)tvdz — (o — ) </I EuUzdr — é;vf|i + éuv+|i_1)
(2.30) -8 (/1 eqvedr — v |, + é;rv+|i_1> =0.
We note that it follow; from (2.15b) and (2.15¢) that, at time ¢ = 0,
(2.31a)/1 epvdx +/1 EqUpdx — éqﬂf|i + é;errL;1 =0, YwvePHUD)
(2.31b)/1 equdx +/1 €y Uz dr — é;v_|i + é;v+|i71 =0, YwvePHUD).
Combini;lg (2.30) an1d (2.31), we get, at t =0

(2.32) / (ey)rvdx + B/I equdz + (o0 — B)/ epvdr = 0.

i I;

Taking v = (€,)¢(z,0), summing the above equality over all elements, and using
the fact that e, = €, + €, we obtain, at time ¢ = 0,

(2.33) (€ (- 0)[* = © + A,
where

0=- /1 ((ew)t + Beg + (= Blep) (Eu)rdr, A= — /1 (Beq + (a — B)ép) (eu)rdx.

On the one hand, applying Cauchy-Schwarz inequality and the inequalities ab <
2a? 4+ 1b? and (a + b)? < 2(a* + b?), we get

A

IA

<5 1eg (-, O)[[ + la = Bl [|ep (-, 0)] ) (@)t (., 0)|

< (P o= Blla 0 )+ 5 @0

< B g 0 + (= 87 e O) I + 5 lew)e (- 0) I

which, after using the estimate (2.8), yields

1
(2.34) A< O (e 0))

On the other hand, substituting the definition of €, given in (2.17) into © and using
the fact that (e,)+, €4, and €, are orthogonal to any piecewise constant functions
(this is by the property of the projections P (2.13)), we get, at t = 0,

xr — x;

N
0 = - Z /1 ((ew)t + Peg + (o — B)ep) h—i(ci)tdx’

which, after applying Cauchy-Schwarz inequality, using (2.18), and the projection
result (2.19), yields

o < (maxlor@l) (11l 0)l + Byl 00 +1a = Bl 01 ) e, 0
(2.35)<  Coh™ 1 |ei(., 0]
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In order to estimate ||c;(.,0)||, we take the first time derivative of (2.16¢), we sub-
stitute the definition of e, given in (2.17), and we choose the test function as
z = == (ci)e(x, 0) to obtain, at t =0,

L= Ti—1 T — X T — T
/1, (eq)tihi (¢i)eda — /1 (—hi (Ci)t>m T *(ei)eda = 0,

i

which, after using (2.20a), is equivalent to

T — X;_ 1
‘/Iv(eq)tTl(Ci)tde ~on /1 (c;)2dx = 0.

i

Hence, we obtain

/I(ci)fdx _ Q/I(eq)t(x—xi_l)(ci)tda:.

Summing over all element, applying Cauchy-Schwarz inequality, and using (2.18),
we obtain

lee(,O)* < 2 <{gg;<|¢1(w)l> l[(eq)e (> O)[ e (-5 0)I[ < 2R [I(eq)e (- 0)[ flez (-, O)1 -

Applying the estimates (2.22a), we get
(2.36) llee(., 0)|| < CshF*2.
Combining (2.33), (2.34), (2.35), and (2.36), we obtain

1 2

1@)e( O < k™2 4 S 1 @u)e (L O

which completes the proof of (2.22¢) O
3. Superconvergence error analysis

Before we proof the main superconvergence results, we state and prove the fol-
lowing results which will be needed in our analysis.

Lemma 3.1. Suppose that the conditions in Theorem 2.1 are satisfied. If ¢, d
and g are the functions defined in (2.18a) then there exists a positive constant C
independent of h such that, ¥V t € [0,T],

(3.1) llel < CRE2, d|l < CR*2, gl < CRM2.
Proof. Adding (2.16a) and (2.16¢) with z = av, where v € P*(I;), we obtain
(3.2) / ((ew)t + aeq) vdx + B/ (&p)avde — Be, v~ | + pefv|, = 0.
I; I;
Substituting (2.17) into (3.2), (2.16b), and (2.16¢), choosing the test functions as

v =g, w = Ttd;, 2 = T=te;, and using (2.20a) and (2.20b), we obtain

| e+ ae) TTtgds — - [ gian=o,

I;

T — x; 1 T — X1 1

i

since v~ |, =w™|, = 2"| | =0. Thus,

2
2, _ < N
/Ii gidr = 3 /I ((ew)t + aeq) (x — x4)gidz,

/ d?dx = — / ep(x — x;)gidx, / cdr = 2/ eq(x — xi—1)cdx.
; I I I

i i i i
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Summing over all element, applying Cauchy-Schwarz inequality, and using (2.18),
we obtain

2
ol < % (maxloa(o)l) Ien)e +acyl ol <

A

6 h(ll(ew)ell + e lleqll) llgll

il < 2 (maxion(o)] ) lepl Il < 20 el .

IN

2
el <2 (maxlon(o) ) leal lell < 20l el

We complete the proof of the lemma by applying the estimates (2.21b), (2.21c),
and (2.21d). O

Now, we are ready to prove that ¢, and pj are O(hk+3/2) super close to P,;rq
and P}j p, respectively.

Theorem 3.1. Under the same conditions as in Theorem 2.1, there exists a con-
stant C > 0 such that, ¥ t € [0,T],

(3.3a) (@)l < CRF/2.

(3.3b) legl < Chr+3/2

(3.3¢) le,| < Chk+3/2,

Proof. Taking the first time derivation of (2.15a), (2.16b), (2.16¢), and then choos-
ing the test functions as v = (&,):, w = B(€q)¢, and z = —F(&p); we get

/ (eu)tt (éu)tdx - 04‘/[ (éu)t(éu)mtdx + O‘((éu);)Q‘l - a(éu);(éu)jh_l

=5 [ @ln)unde + B@)7 (@) |~ @ @7,y =0
8 [ (eontEde =5 [ @l + B V= Bl @i, =0

—B Iv(eq)t(ép)tdx +5 . (u)at(ep)edr + B(EU)j(ép)Hi_l = B(euw)r (ép)ﬂi_l =0.

Adding these three equations, splitting the errors as in (2.12), and using the
fact that fl €u)t(By)prdr = ;((éu)t_)2|i — %((éu)f)2|i71 and fli(éq)mt(éq)tdx =

5((@0))?]; = 5((€0)1)?];_; we get

53 L @+ [ (ateedr +5 [ @z =5 [ e
+%( éu t 2|, + g é“)z—)2|i—1 - a(eu)f (eu)—i_}l_l + g( _)2|i + g((éq)j)Q}i_l

B(eq) (€q)s ‘ +6 );(ép)ﬂi _B(EU);(ép)t |i_1 =0,

which is equivalent to

%%/@v(éw%dm—’—/li(%)tt(eu dx—l—ﬁ/ (ep)t(€q) dx—ﬁ/( dx
o, 2 o, .9 o, _\9 I} N2
+2 (@)~ @), 1+5<<eu>t> A A R (AT GO}

(@], — (@)

PPt Benr @)7 |, - B (@), =0.
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Summing the above equation over i and using the periodic boundary condition, we
arrive at

37 1@+ [(@nteeds+ 5 [ @ieds =5 [ (eplennds
a 2 15} N 2
5 2 (@ = (@) i +5 2 (@) — (@) |, =0,

Thus, the following holds

337 1€ < = [(@tenide =5 [ @i +5 [ (cle)da.

Integrating the above inequality with respect to time and using integration by parts
with respect to time, we get

led® < o -2 ((eu)ttéwﬂ(ep)téq—B(eq)tép>(x,0)dw+

(3.4) 2 /0 t ( /1 (ew)eteeudas + B /1 (e)eegda — B /1 (eq)ttepdx) dt.

Using the bound for initial error (2.22¢), substituting the definitions of é,, &, and ¢,
given in (2.17) into the right-hand side of (3.4), and using the fact that (e )¢, (€u)tst,
(€q)t, (€q)tt, (€p)t, and (€p)s are orthogonal to any piecewise constant functions (due
to the properties given in (2.13)), we get

I@u)ell* < Con?+?

N
2 [ (e e Bl T e S ) 0
i=1 "4 g

t N
Tr — Ty r— T;—1 r — T;—1
+2/0 (; /1 <(6u)ttt—hi i +ﬁ(€p)tt7hi d; _ﬁ(€q)tt7hi g¢> dx) dt,
which, after applying Cauchy-Schwarz inequality, leads to
(Eu)ell* < Coh™ 3 + 2max ¢4 ()] [|(ew)e (-, 0)[| le(-, O)]

+2f max|¢s(z)] < [1(ep)e (-, O)[[ I, 01 + [ (g )2 (-, 0) | ||g(~,0)||> +

t
[ (2maxlostol Hewdeel el + 25maxoa)]  Nephel -+ Iepel ol ) )
Using (2.18) and the projection results (2.19), we arrive at
I(Ew)el|* < Coh®+?
t
+CLR T ([le(, 0)] + [1d(, 0) 1 + [lg (., 0)) + Czhk“/o (llell + Il + lgll) d¢
< Coh 43 + CLhME (e, 0) + 1, ) + llg (- 0) 1) + CoaT R (lle]l + [ldl| + llg]) -
Combining this with the estimates in (3.1), we obtain
IE)P < ChE, e oT],

which completes the proof of (3.3a).
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Next, we will prove (3.3b). Taking the test functions in (2.15a) and (2.16b) as
v = —¢, and w = (&), respectively, and then taking the first time derivative of
(2.15¢) and letting z = é,, we obtain

_/ (ew)tpdr + a/ eu(ep)ads — ae, €, | + ae, & |, + 5/1. p(€p)zdr

i i

_6é;é;|i + 6(62—)2|i71 =0,
| estends = [ @oetenda+ e @7, - ef @i, =o

i

/(eq)téqu+/1 (€u)t(Eq)adr — (€u)y q| + (u); 7+‘i—1 =0.

Adding these three equations, applying (2.12), and using the fact that || I ép(€p)zde

%(é;)Q‘i a %(é:j)Q‘i—l’ we get
1d
ST éﬁdx+/(eq)téqu—/(eu)tépdwr/ ep(éu)tdx—i—a/ u(Ep)zdr
I; I; I; I; I;
e e, |, +ae, el +§ é*2A+éé+2.7 — pete
Oy, € plim1 p/) i T 9\ ) licy » ©p
—(Bu); &g |, + @u)rEg |, =0,

or equivalently,

1
1d ézdx—i—/ (eq)téqu—/(eu)tépdwr/ ep(éu)tdera/ eu(p)adr
2dt I; q I; i I; i
o _ By 2 B, B
—oe, ey ‘ +ae, +1 1+§(6;_6p) |i+§(6;)2‘i—1_§(6;)2|i

(3.5) —(ew)y et |, + (eu)ief|,_, =0.

On the other hand, letting w = @€, and z = —ae€, in (2.15b) and (2.15¢), respec-
tively, yields

(3.6a) a/ epéqu—i—oz/ eq(eq)2dr — aefe, | + afe )2|i_1 =0,

(3.6b) —a/ eqepdr — a/ ey (Ep)pdr + aé;éﬂi - aé;éﬁi_l =0.

Adding the two equations in (3.6) and using (2.12), we get

a/ €peqdr — a/ €qepdr — a/ ey (Ep)zda + % (ef - é(;)2 I

Q9 Oé
(37) +§(€q) |i—1 — E

Now, adding (3.5) and (3.7) gives

_ +‘ —
| +ae, e, | ae e, |, =0.

1d

EE/[ égdx—i—/v ep(éu)tdxjt/lv ((eq)t+aep)équ—/. ((e0)r + aey) epda
ﬁ — __\2 o, L \2 ﬁ B 6 ~

t5 @ =&)L+ @ -a) |+ 5@ - 5@,
o, o, o o

+§(e;1i_)2|7;*1 h 5(63—)2 i (eu)t e;l‘r|7, + (eu)t ej]—|i,1 = 07
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which, after summing over all elements and applying the periodic boundary condi-
tions, yields

1d
5= lleal® + / eaedn+ [ ()it ag)edn— [ (@n +ac,) epdo
13 I I
6 « N 2
Z DY -e) =0
=1

This is clearly 1mphes

2 dt ” el < /Iep(éu)tdw - /I ((eq)t + aep) Eqdz + / ((€u)t + aeg) Epda,

I
which, after integrating over the interval [0, t], gives

el < lleol* -2 t ([entearas)ai—2 [ t ([ (s + a) ey at
+2 /0 t ( /1 ((eu)t+aeq)epda:> n

Using the estimate (2.8) and a simple integration by parts with respect to time, we
get

t
le 2 < o2kt —Q/Iep(x,O)éu(x,O)dx+2/0 </I(ep)teuda:> dt

(3.8) 9 /0 t ( /1 ((e)e + aey) equ) dt +2 /0 t ( /1 ((e)e + ozeq)epdx) dt.

Substituting the definitions of €,, €, and €, given in (2.17) into the the right-hand
side of (3.8) and using the fact that (e,), €4, (€4)s, and €, are orthogonal to any
piecewise constant functions, which are due to the property (2.13), we get

N
HéqH2 < Coh2k+3_22/‘ ep( ¢i(z,0) dx—|—2/ <Z/ €p)t x_xzczda:> dt
/ <Z/ (e)t + cvep) _h ddx) dt
/ <Z/ €u)t —|—aeq h gldx> dt,

which, after applying Cauchy-Schwarz inequality, leads to

< Con® s+ 2maxlon(@)] (Je O e + [ el lellat) +

2malon) [ [l +all) Il di-+ [ (el +a ey ol .

Using (2.18), the projection results (2.19), and the estimates in (3.1), we conclude
that V ¢ € [0, 77,

t
legl® < Coh® 2 4+ Crh* |le(, 0)]| + Coh** [ (lle]l + I|d] + llg]l) dt
0
t
< GO Gl [ (G Gl Coh2) de
0
< 03h2k+3 + CQthrlT (C4hk+2 + C5hk+2 + CﬁthrQ) dt < Ch2k+3,
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which completes the proof of (3.3b).
Finally, we will prove the estimate (3.3¢). Since the proof is long, we will first derive
three important inequalities which will be needed in our proof.

Inequality 1: Taking w = 8¢, € P*(I;) in (2.16b) we get
6/ epeqdr — ﬁ/ (€q)aEqdz + B(e, )?|, — Befe, |, = 0.
I; 1;

Since [; (€q)2€qdz = %(é;)Q}i . l(é*)ﬂi_l, we have therefore the error equation

B g epeqdx + g (& —&,)7 ], + é(éq*)2|i71 - g(é+)2|i =0.

Summing the above equation over i and using the periodic boundary condition, we
arrive at

N
B/epequ gZ( éq_)2|i:O.

Using e, = €, + €, applying Cauchy-Schwarz inequality, and using the estimate
(3.3b), we obtain

N
B _ N2 _ _ e _
32 (@ =) [ =B | Gfade =B | eEyde < Bl el — B | epFde
i=1
(3.9) < O g —ﬁ/epéqda:.
1

Inequality 2: Adding (2.16a) and (2.16¢c) with z = av, where v € P*(I;), we
obtain

/ ((ew)t + aeq) vdx + B/ (€p)azvdr — Be, v~ ‘1 + B v~ |7 =0.
I;

I;

Taking the test function as v = &, and using the fact that [, &,(€,).dz = 3(&,)? |i—
%(é;)2|. , we get
i—1

[ Conraeyends -5 e )’ +

I;

which, after summing over all elements and applying the periodic boundary condi-
tions, yields

PR
5; | _/ (ew)t + aey) Epda.

Using (2.12), applying Cauchy-Schwarz inequality, and using the estimates (3.3a)
and (3.3b), we obtain

Z]_V:l(ép__

IN

o™

(Wl + el Yl + [ (et aceyda

(3.10)

IN

@MWWmH/KMHﬂ@@m
I
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Inequality 3: We take v = —¢, in (2.16a), w = fé, in (2.16b), and z = —ag, in
(2.16¢) to obtain

_ /1 (eu)iqdr — a/lv (Eu)wtqdr — agfef|. | +ae el |

—ﬁ/ (ep)atqda + e, e, |, — Befe, |, =0,

I;

6/ epepdr — ﬁ/ (eq)aEpda + e, e, | — Befe, |, =0,
I; I;

. _— oot =t —
—oz/I eq€qdr + oz/I (Bu)wbqdr + By €] |i_1 —ae, e, ‘1—1 =0.

i

Adding these three equations and integrating || 1. (ép)z€qdx by parts, we get

8 [ evtudn = [ (e +ac)egds = pese; |+ beges |, + By ey, = e | =0,

or equivalently,

I6; /I éf,da: — a/ é?ldx — /I (€y)1€qdx — /»((eu)t + aeq)éqdr + ﬁ/[ €pepdr +

Beg —eg) (& —&) | —peyeg | +pepe],_, =0.
Summing over all elements and using the periodic boundary conditions, we get

N
Ble > +8Y (5 —e7) (65 —e,) |, = a||éq|\2+/l(éu)téqu
=1

+ /((Eu)t + aeqg)éqdr — ﬁ/epépdx,
I I

which, after using the inequality —%a2 — %b2 < ab with a = (équ — é;) |l and
b= (& —¢,) |i7 yields

N
Bllel® - 5 (@ — &2+ @ — &), < alal+ [@heds
=1

+ /I((eu)t + aeqg)éqdr — B/Iepépdx.

Applying Cauchy-Schwarz inequality and using the estimates (3.3a) and (3.3b), we
obtain

@

N

— 2 — J— — —— — 12 — _
Bllenl” =5 > (& =) + (& —&,)°)|; < allegl” + Il 1]l
i=1

+ /((eu)t + aeq)éq dr — ﬁ/epépdx
I I
(3.11) < C3h?*+3 4 /((€u)f + aeq)éqdr — 6/epépdx.
I I

Now we combine (3.9), (3.10), and (3.11) to obtain

(3.12) B ”ép”2 < C3h2k+3 + C4hk+3/2 ”éPH + /I((Eu)t + aeg — Bep) (éq + ép) du.
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Substituting (2.17) into the last term of the right-hand side of (3.12) and using the
fact that (e€,)¢, €4, and €, are orthogonal to any piecewise constant functions, which
are due to the properties in (2.13), we get

T — Tji—1

N
Bl < Gl + a2 ey + 3 [ ((en)e+ gy - Bey)
i=171i
Applying Cauchy-Schwarz inequality, using (2.18), (3.1), and the projection results
(2.19), we obtain

Blesl® < Csh® 2+ Cuh 52 |Jgy |
+ (maxloa(oll) (el +aliell+ 3l ) (1l +11
< C4hk+3/2 Hé;DH +C5h2k+3.
Dividing by £ and using the inequality ab < %aQ + %bQ with a = %hk+3/2 and
b= |l&p| yields

C3 1 C
lepl” < Sk 4 S el + 2,

2/ B
Thus,
C3 20!
_ 2 4 1 2k+3 57 2k+3
e S _h + —h )
H PH 62 6
which completes the proof of (3.3c). O

Before we state the superconvergence results at Radau points, we recall some
results from [11] which will be needed in our error analysis. We first define four
interpolation operators 7+ and #%. The projection 71 is defined as follows: For any
function w, 7r+u|h € P*(I;) and interpolates u at the roots of the (k-+1)-degree right
Radau polynomial shifted to I, x:fj, j=0,1,...,k, defined in (2.10). Similarly,
7r*u|1i € P*(I;) and interpolates u at z; ;. J=0,1,... k. Next, the interpolation

operators 7+ are such that ﬁiu|1, € PFT(I;) and are defined as follows: 7¢r+u|1’_

interpolates u at x:_rj, 7 =0,1,---  k, and at an additional point z; in I; with
T # x;’_’j, j=0,1,--- k. Similarly, fr’u‘lb interpolates u at z; ;, j =0,1,---,k,
and at an additional point Zp in I; with > # x;;, 7 =0,1,--- k.

In the next lemma, we recall some properties of the operators Phi and 7% needed
in our analysis [11]. In particular, we show that the interpolation errors can be
divided into significant parts and less significant parts.

Lemma 3.2. Let u, ¢ = Uy, p = Uge € H*?, and PhjE and ©* as defined above. If

k

k
(3.13) w;;rl,i(a?) = H(x - xi_,j)a ¢;j+1,i($) = H(x - x:j)a

j=0 j=0
then the interpolation errors can be split as:

(3.14a) u—7tu=¢1 +m, ¢1(x,t)= al(t)w,j+17i(x), n=u—a"u, onl,
(3.14b) q—7m q=da+72,  da(x,t) = () ;(2), 2=q¢—7"q onl;

(3.14c) p—7m p=¢3+73, ¢3(z,t) =a3(t)y,,(z), w=p—7p, onl,
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where a1 (t), as(t), and as(t) are the coefficients of x**1 in the (k + 1)-degree
polynomials 4w, #~q, and 7~ p, respectively, and

(3.14d)

I¢1ller, < CRT " Nullyyr s, 0< s <k, |mllys, <CHT27 ully gy, 0<s < k+L
(3.14e)

Ip2ller, < CREF " gy s 0<s <k, Iellas, < ChT 7 llglpyar, » 0 <s < k+L.
(3.14f)

63l s, < CRT " Iplra g 0<s <k allyr < CRT2 " Ipllypoy, » 0<s < k+L
Moreover,

(3.15a) |7 u = Pyl < CRFF2 lullyy,

(3.15b) |7=q = Pql|, < ChE* llgllypn g, »

(3.15¢) |7=p = Py pl|, < CRET2 |Ipll sy, -

Proof. The proofs of (3.14a), (3.14b), (3.14d), (3.14e), (3.15a), and (3.15b) can be
found in [11]. The proofs of the other results are similar and are omitted. O

Now we are ready to prove our main superconvergence results. In particular, we
show that the significant parts of the discretization error e, is proportional to the
(k-+1)-degree right Radau polynomial and the significant parts of the discretization
errors e, and e, are proportional to (k + 1)-degree left Radau polynomials.

Theorem 3.2. Under the assumptions of theorem 3.1, there exists a positive con-
stant C' such that ¥V t € [0,T7],

(3.16) ||uh - 7r+uH < ChF+3/2, th - 7T_qH < ChF+3/2, ||ph — 7T_pH < ChF+3/2,
and on I,

(3173‘) €y = al@[}];_lﬂ‘ + w1, €q = 0[21#;;“71' + wo, €p = 043¢;;+17¢ + w3,
where

(3.17b)  wi=m AT u—up, wr=Y 4T ¢—q, wz=73+T p—pp,

and
N
3.18 Bwil|? < P8 =123 s=0,1.
x ]l
=1
Finally,
(3.19) leallt,r < OB, lleglly ; < R, leylly , < CRP..

Proof. Adding and subtracting P, u, P,;rq, and P,;rp to up, — wtu, ¢ — 7 ¢, and
pr — T p, respectively, we write
up —mhu = —éu—i—Ph_u—eru, qn — T q= —éq—i—P}j'q—W*q,
ph =T p=—&+Pfp—7p
Taking the L%-norm and applying the triangle inequality, we get
s = ull < el + [P ull s ow =7l < eal + [PFa— 7l
lpn =77 < llepll +[|Pp =77 -

Using the estimates (2.21e), (3.3b), (3.3¢), and (3.15a) we establish (3.16).
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Adding and subtracting 7w, 77 ¢, and 77 p to ey, €4, and e,, respectively, we get
€y, :u—7r+u+7r+u—uh, eq=q—T q+7T q—qp, €p=p—T P+ T D — P

Furthermore, one can split the interpolation errors u — 7w u, ¢ — 7 ¢, and p — 7 p
on [; as in (3.14a)-(3.14c) to obtain

(3.20a) ey =1+ +7TUu—up = ¢ +w1, wherew; =y +7 U — up,
(3.20b)  eg=¢a+v2+7T ¢ —qn =2 +w2, wherews =2 +7 q— qn,
(3.20c) ep=¢3+y3+ 7T p—pp =3 +ws, wherews=-y3+7T p—Dpp.

Next, we use Cauchy-Schwarz inequality and the inequality |ab| < %(a2 + %) to

write

||o.)1||12 ('yl +rtu—up, v+t u— uh)i = ||71||3 +2 ('yl, 7t — uh)i + H7r+u - uth2

2 (Inllf + = wi})

IN

lwoall! = (47 a—anr2+7a—an), = el +2 (e m g —an), + |77a — anlf}
< 2(Ihel + |7 a - al)

lwsl? = (347 p—prs+7p—pn), =1l +2 (v mp—p1), + |70 —pal;
< 2(Ihsll + 7 =)

Summing over all elements and applying (3.14d)-(3.14d) and (3.16) yields

N
S llwsll < CunH 4 Coh?E < o, j=1,2,3,

i=1

which completes the proof of (3.18) for s = 0.
In order to prove the estimates (3.18) for s = 1, we use Cauchy-Schwarz inequality
and the inequality |ab| < 1 (a® 4+ b%) to get

lwn)elf = (7 u—un), s (1 + 70w —un), ), <2 [0 + [ —wn)a 7]

x

lw2)elf = (2 + 77 a—an), (e +7 a—an),), <2 |:||(’72)m||? + (77 q - Qh)muﬂ :

(ws)al?

((s+7p=pn), (s +7p=p),), <2 [I8)all} + [[(7p = pa)all}]

Using the inverse inequalities || (7T u — up) ||, < Ch™t ||7tu — wp|l,, (77 ¢ — qn)a|; <
Ch 7= q—qull;, and ||(m~p —pn)all; < Ch™t |7~ p — pall;, we obtain the esti-
mates

lwnall? < € [ln)el + 272 [x*u - w|7]
[@s)el2 < € [0l + 72 |l = 7]

l@s)al2 < C [I08)allZ + 12 [l pa]|}]

Summing over all elements and applying the standard error estimates (3.14d)-
(3.14f) and the estimate (3.16) we establish (3.18) for s = 1.
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In order to show (3.19), we note that

N N

2 2 2 2 2

= lleall® + D lew)alls s lleglly = llegl + D lieq)ell;
i=1

i=1

N

2 2 2

(3:21)  leplly ;= llepll” + D li(ep)ally -
i=1

Differentiating (3.20) with respect to x, taking the L?-norm, and using Cauchy-
Schwarz inequality and the inequality |ab] < & (a® + b%) leads to

lew)el? = ((81)s + (@1)as (81)e + (@i)a); < 2 [I00)all} + Iewr)al?]
l(ea)ell? = ((82)e + (w2)es (92)a + (w2)a); < 2 [(@2)all? + 1 w2)al?]
H(ep)all? = ((B8)s + (@8)as (68)a + (ws)a)i < 2 [1(0)all? + Il (ws)alF]

Summing over all elements and applying (3.14d)-(3.14f), and (3.18) we obtain

N

N
(322) 3 llew)al? < O, Zn ea)el? < CH*, S l(ep)all? < OB,
=1

i=1

Finally, substituting (2.21a), (2.21c), (2.21d), and (3.22) into (3.21) establishes
(3.19). O

4. A posteriori error estimation

In this section, we present a technique to compute asymptotically correct a

posteriori estimates of the LDG errors. These estimates are computed by solving
a local steady problem with no boundary conditions on each element. We further
prove that the LDG discretization error estimates converge to the true spatial errors
in the L?-norm as h — 0.
We first present the weak finite element formulations to compute a posteriori error
estimates for the linearized KdV equation (1.1). Multiplying the three equations
in (2.1) by test functions v, w, and z, respectively, integrating over an arbitrary
element I;, and replacing u by up, + ey, ¢ by qn + ¢4, and p by py, + e, we get

(4.1a) / (aew)s + Blep)s) vdr = / (Rpa — (ew)t) vdx, x € [a,b], t €[0,T],

Ii k3

(4.1b) —/ (eq)zwdx :/ (Rp2 —ep)wdz, x € a,b], te[0,T],

i i

(4.1¢) —/ (ew)zzdx :/ (Rp,3 —eq) zdx, x € la,b], t€]0,T],
where

(4.1d) Rp1 = —(un)t—olun)e—B®n)es Ruz=(an)e—pn, Rnz = (un)e—aqn-
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Substituting (3.17) into the left-hand sides of (4.1a)-(4.1c) and choosing v = z =
wli——i-l,i(x)v w =1, ,;(z), we obtain

/1 (oot + Baavipyy, ) W dn = [ (Rus = (e = alon)s = Blun)s) i, o

i

—Q /I 1!}];_177;,7!}];1_177;(155 = / (Rh,2 —ép+ (w2)x) ¢]§+17idxv

(4.2) _0‘1/] ¢lj+1,ilwl:,r+1,idx = /I (Rn3 —€q + (w1)a) w/j-u,idx

Using the properties in (2.11) and solving for «;, i = 1 — 3, we obtain

1
(4.3a) ai(t) = W/I (Rn3 —eq+ (wl)m)lﬁ;ﬂ,id%
kv i
1 _
(4.3b) aq(t) = W /I (Rn2 —ep + (wa)a) Yy gy o
1
(4.3¢) as(t) = 2502h2k+2 /I (Rna + @Rz — (eu): — aeq — B(wz)a) iy de.

Our error estimate procedure consists of approximating the true errors on each
element I; by the leading terms as e, = E,,, ¢, = E,, and ¢, ~ E,, where

(4.4) By = a1 (t)wljﬂ,i(x)a Eq = a2(t)¢1;+1,i($)a E, = a3(t)¢1;+1,i($)a z € I,

where the coefficients of the leading terms of the errors, a;, i = 1 — 3, are obtained
from the coefficients «;, i = 1 —3 defined in (4.3) by neglecting the terms w;, eq, €,
and the time change (e, ), i.e.,

1 / 1
a1(t) = ——=—= R + dx, as(t :—7/]% o dx
1( ) QCihfk—i_Q . h;3¢k+1,z 2( ) 2Cih§k+2 . h,ka-i-l,z

1

(4.5) as(t) = 2ﬁ62 h2k+2

/ (Rp1+ aRpg) wlj-u,idx

I;

An accepted efficiency measure of a posteriori error estimates is the effectivity
index. In this paper, we use the global effectivity indices

lleul lleqll llepll

Ideally, the global effectivity indices should stay close to one and should converge
to one under mesh refinement.

Next, we will show that the error estimates F,, Fy, and F), converge to the exact
erTors ey, €4, and e,, respectively, in the L?-norm as h — 0. Furthermore we will
prove the convergence to unity of the global effectivity indices 6,,(t), 0,(t), and 6, (t)
under mesh refinement.

Before stating our main result we state and prove the following preliminary results.

0.u(t) =

Theorem 4.1. Suppose that (u, q, p) and (up, qn, pn), respectively, are solutions

of (2.1) and (2.3). If oj, j=1—3 and a;, j =1—3 are given by (4.3) and (4.5),

respectively, then there exists a positive constant C' independent of h such that, at

any fized time t € [0, T,
N

2 N 2
Z(m —a)? lej-i-l,i . < O3, Z(a2 —az)’ lezﬂ,z‘ i

i=1 i=1

2k+3
< Ch?F 3,
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(4.6) i(% ~ay)? Hip,jm 2 < Op2R+s,
i=1
Proof. Subtracting (4.3) from (4.5) we obtain
(4.72) a1 —a; = WL%H/I (eq — (w1)2) ¢:+1’idx7
(4.70)  ax—ay = QC;JI%H /I (ep — (w2)2) Yy g 4,
(4.7¢)  az—az = 250222“2 /I ((ew)s + aeq + Bws)e) Py de.

Using the inequalities (a + b)? < 2(a? + b?), (a + b+ ¢)? < 3(a? + b? + ¢?), and
applying Cauchy—Schwarz inequality yields

(4.82) (@1 — )’ *(leall? + I)el?)

= 4h4k+4 "¢k+1 i

1
(4.8b) (02— 2)? < i [ |
2621:]14 +4 3

(llepll? + Nw2)e ) -

(4.8¢) (a3 — az)?

éwﬂ%u (Meadell? + a2 llegll? + B llws)?)

2
Multiplying (4.8a) by Hlﬂ;ﬁrl’i ~and using

(2.11b) and (2.11c), we get

7‘ and (4.8b) and (4.8c) by Hwkjrl’i

"< aun? (leal2 + el
2

< anh? (llepl? + wn)a )
< et (Nendel? + 02 gl + 82 wa)al?)

where ¢, is a constant given by

(4.92) (a1 —a)? H%jﬂ,i

(4.9b)  (ag — ag)? le;rl,i

(4.9¢) (az — az)? "¢I;+1,i

& 2(2k+2)?

4.9d Cp = —= = .
(4.9d) * T 9el T @k + 1)2(2k + 3)2

Finally, summing over all elements and using the fact that h = JHax hi, we write
7/L7

] =

(4.10a);

('3

(a1 — an)? %Lm ,S°C <||€q| +ZH (wr) ||>
N 2 2
(a2 — a2)? sy 4 i < &h* <||ep| +ZH(W2)T”1 ;
i=1

2 3¢ N
(a3 = )? [, < 355° <||< >|2+a2||eq||2+/322|(wmn?).
i=1

Combining this estimate with (2.21b), (2.21¢), (2.21d), and (3.18) we establish
(4.6). O

@
I
-

(4.10b)}

-

Q
Il
-

(4.100);

] =

@
I
-
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Theorem 4.2. Under the assumptions of theorem j.1, there exists a positive con-
stant C independent of h such that, at any fized t, we have

N
9 2
2k+2 2 - 2k+2
CSOREE Y (aa +02) ey , SO

1=

N
Z(al + a1)2 lej,—-i-l,i

(2

Il
-

2
(4.11) < Cr*rR,

] =

(az + 043)2 H%}M

&
Il
—

Proof. Using (2.1), we rewrite (4.1d) as
(4-12) Rh,l = (eu)t + a(eu)m + ﬁ(ep)ma Rh,Q =€p — (eq)l'v Rh,B = €q — (eu)m-
Combining (4.12) and (4.5) we obtain

1 2
2 +
(4.13a) a; = 74(:%}1?,&4 {/l, (eq_(eu)m)wlﬂ-l,idm] ;
1 2
- _
(4.13b) @} = PR M (Cp_(eq)w)¢k+l,q;dw:| ;
1 2
2
(413¢) a2 = T [/I ((eu)t+aeq+6(€p)m)w§+1,id$] :

Applying the inequalities (a + b)? < 2(a® + b?), (a + b+ ¢)? < 3(a? + b? + ¢?), and
Cauchy-Schwarz inequality yields

1 2 2 2
(110) < s || (Heall? + el
CplY ’
4.14b 2.1 - : :
(4.14b) a3 < ST T Vg leplly + 1eq)zll ) 5
Crly v
3 2 2 2 2
(140) a3 < e [, (el + a2 legll? + 8% en)ellF)
Breh; ’

2
, using

)

2
Multiplying (4.14a) by [vif,,; | and (4.14b) and (4.14) by ||vir,,

(2.11b), h = max h;, and summing over all elements, we obtain
71’7

2

IN

i

N
2|+
Z“l Ve

i=1
N

2 —
Zaz ¢k+1,i
=1
al 2 — 2 35k 2 2 2 2 2 2
Soad v < gh? (Il + a2 lledl + 82 el )
i=1

i 232

where ¢, is the same constant defined in (4.9d).
Using the estimates (2.21b), (2.21¢), (2.21d), and (3.19), we obtain

N 9 N 9 N
2 + 2k+2 2 - 2k+2 2 -
201 Hwarl,i i <Ch ) ZGQ "¢k+1,i i <Ch ) Z% Hwarl,i

) 1 1

= i= i=

(4.15)

N
~ 2 2 ~ 2 2
%MQM|+§]@@M><%W0%H+wmuy
i=1

2

IN

N
~ 2 2 ~ 2 2
%Momn+§mwwm>s%MOM|+wmu%
1=1

%

2
< Ch*F2,
s
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Taking the L? inner product of 1/1,f+17i and ¢;, j =1—3, defined in (3.14a)-(3.14c),
and applying Cauchy-Schwarz inequality, we get

2

ol i, = l@nvtia il < [0 Noulis
2

[, = 1602 00,05 < ||, N2l
2

v |0 |, = 183 00 i) < || | sl

Hence, we have

2 2 2
2 — 2 — 2
of [viter,|| < N0l 03 |[vican]| <lioal?s od||wiera, < losl?.

Summing over all elements and applying (3.14a)-(3.14c) we get

N

2|+
E :0‘1 Hwarl,i
=1

i

2 N N
2 _
<Nl <cn® 2, 3 ad fua,
1=1

i :
=1

N
2
2
<3 llenl? < Cr?2,
=1

N
(4.16) Z aj H1/1k_+1,i

i=1

i

N
2
2
<> ligsll; < on* 2.
i=1

Adding (4.15) and (4.16) and using the inequality (a + b)? < 2(a? + b?) yields
(4.11). O

The main results of this section are stated in the following theorem. In particular
we state and prove asymptotic results of our a posteriori error estimates.

Theorem 4.3. Let k > 1 and (u, q,p) and (up, qn, pr), respectively, are solutions of
(2.1) and (2.3) subject to the approzimated initial condition up(z,0) = Plu(z,0).
If E,, E4, and E,, are given in (4.4), where aj, j =1—3 are defined in (4.5), then
there exists a positive constant C' independent of h such that

(4.17) [lew — Bu||* < C B3 leg — Eg||* < C W2, le, — E,|? < € W2,

Furthermore, there exist positive constants Cy — C3 independent of h such that

N
(4.18a) leo®> = Za% wlj—'rl,i +é1,  where || < Cyh#FF5/2,
i=1

N
(4.18b)  leg|? > a3 g +éan  where &) < CohPH2,
=1 g

N
(4.18¢)  |lepll? > a3 ||| e, where |es| < CshTR2,
i=1 !

and, as h — 0 with t kept fized,

Al

2
llewl

2
£l

2
llegll

2
1 Ep|

2
el

(4.19) =1+ O(n'/?), =1+ O(n'/?), =1+ O(h'/?).
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Proof. First, we will prove (4.17). Subtracting (4.4) from (3.17a) and using (a +
b)? < 2a? + 2b%, we obtain

2

lew = BullZ = o1~ an)uins +en], < 2an — ) [0, + 20l
2

lea = Bll2 = (o2 — a2)is +wa], < 2ar — 0 [0 +2lnl?,
2

lep— Bl = ||(es — s +es, < 2005 — as)? [, +2 sl

Summing over all elements and applying the estimates (3.18) and (4.6) yields

N
+2 enll} < CH*3,

N N
2
2 2
lew=Bull® =Y llew = Bull} <23 (e —a)? i
i=1 =1

i=1
N N 5 N
2 2 - 2
leq — Eqll” = Z leq — Eqll; < 22(052 —ag)? ‘ wk+17i ; + QZ [wall; < Ch?*+3,
i=1 i=1 i=1

N N 2 N
2 2 — 2
lew = Bpll* = 3" llep = Bpll? <23 (as — an)? [[9ics |, +23 osl2 < On24+3,
=1 =1

i=1
Next, we will prove (4.18). From (3.20) the LDG errors can be split as

ew=¢1twi, e =¢2+tws, e=¢3+tws, z€ I.
Taking the L? norm of the LDG errors, we obtain

(@200)  fleall? = Iorl + 2001, 00); + ol = o 0] + e
(@300) gl = gall? + 2(6n,0)i + lnll? = 0 [ + e
(4.200) lepl? = 16512 + 206, 05)i + esll2 = 0 [ar,] + e
where

(4.20d) & =2, w)i + lwsllf, J=1,2,3.

Summing over all elements we obtain

N
2
Heu” = ZO‘% Hw;jﬂ,i
i=1

1=

2
4+€3a
i

2 , < 2 ,
~ 2 — ~ 2 —
e el =0 o [ e el =D af [|en.
1=1 =1

where

N N N
€ = E €1, €= E €2, €3= E €3.
i—1 i=1 i—1

Next, we write the LDG errors as

N N
2 2
2 ~ ~ ~
(4212)  Jeul® = Y ad |y +a @ =Y (0 —ad) v +a
i=1 =1
2 al 2 al ?
(4.21b)  legl® =3 a3 Hw,;m tée, =) (0f—a}) } V||, + €2
i=1 i=1
2 al 2 ol 2
(4.21c)  Jlepll” = Za% le;-i'lﬂ . +é3, é3= Z(ag —a3) ‘ Vit1,i ; + €.

i=1 i=1
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Applying Cauchy-Schwarz inequality to (4.20d) yields
2 .
le;| < 2151, lwsll; + llwslly > 7 =1,2,3.

Summing over all elements and applying the Cauchy-Schwarz inequality with the
estimates (3.14d), (3.14e), (3.14f) and (3.18), we get

N
(4.22) G <> lel < C 2 j=123
i=1

Next, we bound the first term in é;, j = 1 — 3. Using Cauchy-Schwarz inequality,
the inequality (a + b)? < 2a? + 2b2, and applying Theorems 4.1 and 4.2, we obtain

N 2
>t —ad) vt

‘ i
1=1

N , 12 , & , 1/2
< ( (041 — a1)2 leirm i) (Z(Oq + a1)2 leirl,i ) < Ch2k+5/27
i=1 ' i=1 ‘

i (al + al) Hlﬂ}fﬂ,i ;

N
= Z(O‘l —ay) le:rl,i
1=1

2

; (a2 + az) Hd}l;—l—l,i i

12 ,
) <Z(042 +az)? H1/’1;+1,i
i=1

N N
Z(OZS - a%) HWH@ . Z(OQ —az) HWH@
i=1

1= =

N
< <Z(a2 - a2)2 H1/’1;+1,i

i=1

1/2
2 2) < Ch2k+5/27

i

2
%

i(a% —a3) le;rl,i = iv:(o@ — as) le;rl,i (as + as) le;rl,i
i=1

12 , N
2
7) (Z(QB + a3)2 H%}M

1/2
2) < Ch2k+5/2.

N
< (Z(a3 - a3)2 H%}M

Finally, combining these estimates with (4.21) and (4.22) completes the proof of
(4.18).
In order to prove (4.19) we use (4.18) to write

2 2 ~ 2 2 IS 2 2 ~
leal” = I1Eull” + &1, llegll”™ = 1Bl + &2, llepll” = [1E 1" + és.
Using the fact that [le,||* = O(h2*2), |le,||> = O(h2+2), |le,||” = O(h?*+2), and
é; = O(h?+5/2) j =1 — 3, we complete the proof of (4.19). O

In the previous theorem, we proved that the residual-based a posteriori error
estimates converge to the true spatial errors at O(h¥t3/2) rate. We also proved
that the global effectivity indices in the L2?-norm converge to unity at O(hl/ 2)
rate. We note that e, — E, = v — (up + Ey), ¢q — Eq = ¢ — (qn + E;), and
ep — E, = p— (pn + Ep). Hence the computable quantities u, + Ey, gn + Ey,
and py, + E,, respectively, converge to the exact solutions u, ¢ = uz, and p = ug,
at O(h¥*+3/2) rate. We emphasize that this accuracy enhancement is achieved by
adding the error estimates to the approximate solutions only once at the end of
the computation i.e., at ¢t = 1. This leads to very efficient computations of the
post-processed approximations up+ Ey, gn+Ey, and py, + E,. Additionally, £, E,
and I, are computationally efficient because our LDG error estimates are obtained
by solving a local steady problem with no boundary conditions on each element.
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5. Numerical experiments

In this section, we present numerical experiments to validate our theoretical
results. We consider the following linear one-dimensional KdV equation

Ut + Uy + 2Ugyy =0, x € 10,27, t €[0,1],

with an initial condition u(z,0) = sin(z) and periodic boundary conditions. The
exact solution is given by u(x,t) = sin(x + t). We solve this problem using the
LDG method on uniform meshes having N = 5, 10, 20, 40 elements and using the
spaces P* with k = 1, 2 and 3. The initial condition is determined by the standard
L? projection up(x,0) = Pyu(x,0). In fact, we have used the special projection
P!, the projection P, , and the standard L? projection as the initial condition
and observed similar results. To save space, we only report the results when the
standard L? projection is used as the initial condition. Temporal integration is
performed by the fourth-order classical explicit Runge-Kutta method. A time step
At is chosen so that temporal errors are small relative to spatial errors. We do not
discuss the influence of the time discretization error in this paper.

In Figure 1, we present the L? errors between the numerical solutions and the
projection of the exact solutions. The errors are plotted in log scale just for easy
visualization. For each P* space, we fit, in a least-squares sense, the data sets with
a linear function and then calculate from the fitting result the slopes of the fitting
lines. For each k, the slope of the fitting line is shown. These results indicate that
the LDG solution uy, and its spatial derivatives gy, and py, are O(h¥*2) super close to
the projections P, u, P}j q and P}f p, respectively. Although the superconvergence
rate is proved to be of order k + 3/2, our computational results indicate that the
observed numerical convergence rate is higher than the theoretical rate.

log(|[¢,l1)
log(lle, 1)

-1 05
log(h)

Figure 1: Log-log plots of ||e,||, ||&4]| and ||é,|| at time ¢ = 1 versus mesh sizes h
on uniform meshes having N = 5, 10, 20, 40 elements using P*, k =1 to 3 (from
left to right).

We compute the maximum LDG errors ||e,||" at shifted roots of (k + 1)-degree
right-Radau polynomial on each element I; and then take the maximum over all
elements I;, i = 1,--- , N. Similarly, the maximum LDG errors ||e,||" and ||e,||" are
computed at shifted roots of (k+ 1)-degree left-Radau polynomial on each element
and by taking the maximum over all elements i.e.,

* —+ * —
feall = pm (a0 ) el = e (a0 )

el = max ( i |ep<xk,i,t>|),

1<i<N \1<j<k+1

where xjiz are the shifted roots of Rki+1,7: on I;.
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The maximum errors at the superconvergence points as well as their order of con-

vergence shown in Figure 2 indicate that the LDG errors ey, €4, and e, at time
t = 1 are O(hF*2) superconvergent at Radau points.

-2 T T T T -2 T T T T
i B 4 4
6 4 "
8 B 1
-8

log([le,[|)
log(les|[*)

—6— k=1, slope =2.9449
-20 —8— k=2, slope =4.2346 18

. slope =2.9626
—8— k=2, slope =4.1274
—A— k=3, slope =5.0198

—O— k=1, slope =2.9492
—8— k=2, slope =4.2903
—A— k=3, slope =5.1403

—A— k=3, slope =5.0638

-2 -15 -1 -05 0 05 - -2 -15 -1 -0.! -2 -15 -1 -05
log(h) log(h) log(h)

Figure 2: Log-log plots of ||e,||*, ||eq||* and ||e,||* at time ¢ = 1 versus mesh sizes
h on uniform meshes having N = 5, 10, 20, 40 elements using P*, k =1 to 3.

On each element we apply the error estimation procedure (4.4)-(4.5) to compute
error estimates for the LDG solution and its derivatives up to second order. Let
dey, deq, dep and 66y, 064, 60, be defined as

deu(t) = llew — Eull,  deq(t) = lleg — Eqll s dep(t) = llep — Byl
60, (t) = |0u(t) — 1], 00,4(t) = |64(t) — 1|, 86,(t) = |0,(t) —1].
The results shown in Figure 3 indicate that the numerical convergence rate at t = 1

for de,, de, and de, is O(hF+3). The convergence rate is higher than the theoretical
rate which is proved to be of order k + 3/2. Finally, the errors §6,, d6,, and 66, as

log(l0e,1])
5

—O— k=1, slope =3.9429 . slope =3.9301
—8— k=2, slope =4.9388 —8— k=2, slope =5.0799
—A— k=3, slope =5.9788 —A— k=3, slope =6.0185

—O— k=1, slope =3.9059
—8— k=2, slope =5.6481
—A— k=3, slope =6.7328

-2 -15 -1 -05 o 05 - -2 -15 -1 -05 0 05
log(h) log(h) log(h)

Figure 3: Convergence rates at t = 1 for de,,, deq and de, (left to right) on uniform
meshes having N = 5, 10, 20, 40 elements using P*, k =1 to 3.

well as their order of convergence shown in Figure 4 suggest that the convergence
rate at t = 1 for 66,, 66,, and &6, is O(h?) under mesh refinement. These results
indicate that the observed numerical convergence rate is higher than the theoretical
rate which is proved to be O(hl/ 2). We note that the effectivity indices stay close
to unity for all times and converge under h- and p-refinements. Numerical results
further indicate that the error estimates converge to the true error with decreasing
mesh size and increasing polynomial degree k.

6. Concluding remarks

In this paper we constructed and analyzed a posteriori error estimates for the
LDG method for the linearized KdV equation in one space dimension. These error
estimates are computationally simple and are computed by solving a local steady
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Figure 4: Convergence rates at t = 1 for 66, 6,, and 66, (left to right) on uniform
meshes having N = 5, 10, 20, 40 elements using P*, k = 1 to 3.

problem with no boundary conditions on each element. We first extended the work
of Hufford and Xing [30] to prove new superconvergence results for the auxiliary
variables in the LDG method that approximate the first and second derivatives of
the solution. More precisely, we proved that the (k+3/2)-th order superconvergence
rate holds also for the two auxiliary variables. We applied these superconvergence
results to show that the significant parts of the discretization errors for the k-degree
LDG solution and its spatial derivatives up to second order are proportional to
(k4 1)-degree Radau polynomials. Superconvergence at Radau points were used to
construct residual-based a posteriori error estimates of the spatial errors. We proved
that, for smooth solutions, these a posteriori LDG error estimates for the solution
and its spatial derivatives at a fixed time ¢ converge to the true errors at O(h*+3/2)
rate. Finally, we proved that the global effectivity indices, for the solution and its
derivatives in the L2-norm converge to unity at O(hl/ 2) rate. Our computational
results indicate that the observed numerical convergence rates are higher than the
theoretical rates. In our analysis time integration is assumed to be exact and thus
we are only estimating the spatial errors of the semi-discrete LDG method. The
extension of this proof for variable coefficient problems is straightforward. We are
currently investigating the superconvergence properties of the LDG method applied
to two-dimensional problems on rectangular and triangular meshes. Extending our
a posteriori error analysis to problems on tetrahedral meshes will be investigated
in the future. Finally, because we observed superconvergence of order k + 2 in
our numerical examples, future work will include investigating how to improve our
proofs to obtain optimal superconvergence results.
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