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UNITARY WEIGHTED COMPOSITION OPERATORS
by :
VALENTIN MATACHE

ABSTRACT., A necessary and sufficient condition for a weighted
composition operator to be unitary is given in terms of the weight-
function and of the composition Ffunction.

1. INTRODUCTION

The composition operators appeared in some of Koopman’s works
dealing with classical mecanics, [1] . Starting with 1966 they made
the object of an interesting study carried out by several mathema-

ticians among whom we mention Nordgren whose survey-work [2] , con-

tains the basic results obtalned as far as 1978. The study of this

class of operators is still actual,

Let {(X,$,m} be a & -finite measure space and T : X-» X
a nonsingular wmeasure transformation, By the composition operator
induced by T we understand the operator

CT : Lz{m)---w Lz(m)
2
(1) ‘ (f g &2 (m))
CTf = faT -

Tha problem which measure transfoxmation T induces a boun~

ded composition operator Cp is solved long ago {zee [23). If

mT_l is the measure naturally induced by T, we know that
R Ve m and the Nicodym derivative
(2) g = oanrT Y/ dm ’

ol

must be in L°(m). .
1f 9 is ancther mapping from £?(m) we denote by Mg the

multiplication operator induced by & on 1% (m), that is the opera~
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ot = £0 (f ¢ Lo(m)).

we call weighted composition operator induced by T with

Light & the following operator

(4)

tors.

I
Cp = Cyty

We aim to characterize unitsavy weighted composition opera-

2, UNITARY C&

3

We shall begin by claiming that Cg' be isometric. It is an

~easy calculation to prove

(-'9

PROPOSTFION 1., The necessary and sufficient condition that

oW bz an ZTsomelry fo

: 2 _
folel = 1

Proof, We claim that (C

a.2,

}ﬁ'Cg = Y where I denotes the

identity on Lz(m)° That is

Singh

As wo

L2 {m)

whioh

1OTC My = X
t'xé P Tb’e - 1 -

shows in [3] that C%CT = Mf and the condition above .becomes
’ o

2 -
baal fo = L,

vequive that m be ¢ -finita, there are functions £ in
which #re a.e. differant of zero, hanoe
2
iGIfO =L A,
¢goncludes the prool,

We shall dencte by Tml(S) the O -subalgebra of 8§ induced
by 7 that is the collection of: all sets e hE) for any B a
N
from 8, g
PROPOSTITION 2, The necessary and sufficient condition that
{7 ba untbtary 18

o~
Pext

T {8y = 3 i
P
§

e, =1 Ga it
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Proof, We begin by observing that condition T"l{s) =8 is
necessary and sufficient yfor CT to have dense range, as it Spl-

lovs from [4] that is R(C) = 12(m). If (6) holds then (c,g}"cgq

according to proposition 1, Further more the fact that R(QT) =

= L?(m) implies the equality

QTQ§ = Mfoo 7 (see [5] ).

5]
Then we can show the eguality C?{C;I,)x = I, Indeed
LN - R I P Mo s =
Cplly)™ = CpMgMgly = GuM  2C, = MagZe S = Mggite 1y (£,0 1)

= M 2 a5 N
(o1 * e < T
For the converse suppose now that QT is unitary hence isometric,

We obtain by proposition 1, that

Eelzf =1 a,e,

Suppose that ETE;3 # Lz(m), then there is f g Lz(m) such that

q?f = 0 a.z, but £ 1is not a.e,~equal to 0. So

G, 8,

ko

o = 0
Nl S BE Y ’
(-,1, v “p b} L “p Mai‘ie(,,{, f

which 1s absurd aslong asg c8 s supposed to be unitary. We con-

i
i)

civds that Cp has dense range, hence (6} is fulfilled.

5. WETGHTED SUQUENCH SPACES AND C?

The case of weighted seguenws spaces is perhaps the easyest
to handle, We take ¥ =N and § = p(N), Lek w = (wn)neN ba a

fixed sequence of real positive numbers. We set

m{E} = E; W, o (o N)
ngk
2 ' e . o e
The space L7 (m) ocbtained is also denoted by lw' The composit!lon
operators on such spaces made the object of some of the anthors

latest works 6] and [7] .
Let us adapt the results of paragvaph & to this parti.:lav

case, wnich could provide us a lot of easy concreze examples. Thus
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Cg will be isometric iff T is surjective and
(N ar () /mdab) = 10 172 .

Indeed, in (6] we proved that £ (n) = m(T—l({n}i)/m(in}) for

n g T(H¥) and £ (n) is zero for =n £ N-T(N}, Taking into account

proposition 1. (7) easyly follows. . ¢
Next, Cy will be unitary if . T is bijective and (7) holds

which is cbvious from the considerations above and proposition 2,

TR L

noticing that t“1(s) = & 1is in this particular case fulfilled

iff T is bijective. See also [6] .
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