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NOT SO MANY NON-DISJOINT TRANSLATIONS

ANDRZEJ ROSLANOWSKI AND VYACHESLAV V. RYKOV

(Communicated by Heike Mildenberger)

ABSTRACT. We show that, consistently, there is a Borel set which has un-
countably many pairwise very non-disjoint translations, but does not allow a
perfect set of such translations.

1. INTRODUCTION

There is some interest in the literature in Borel sets admitting many pairwise
disjoint translations. For instance, Balcerzak, Rostanowski, and Shelah [I] studied
the o—ideal of subsets of “2 generated by Borel sets with a perfect set of pairwise
disjoint translations. In this article we are interested in a somewhat dual property
of Borel sets: many overlapping translations.

If B C “2 is an uncountable Borel set, then it includes a perfect set P, and then
for z,y € P we have

0,z+ye(P+ax)N(P+y).
Consequently, every uncountable Borel subset of “2 has a perfect set of pairwise
non-disjoint translations. However, if we demand that the intersections are more
substantial, then the problem of many non-disjoint translations becomes more in-
teresting. One should notice that if « 4+ bg = y + b1, then also x + by = y + by, so if
x #yand (B+x)N (B +y) is finite, then |(B + 2) N (B + y)| must be even.

Here we investigate the first non-trivial case when (B + ) N (B + y) has at least
four elements. We show that it is consistent with ZFC that there is a £ subset B
of the Cantor space “2 such that

e for some uncountable set H C “2, |(B+h)N(B+h')| > 4 for all h,h' € H,
but
e for every perfect set P C “2 there are x, 2’ € P such that

(B+x)N(B+2')| <2

Our proof follows the spirit of the proof of Shelah [5] Theorem 1.13], but since we
cut on generality, our arguments are more straightforward. We fully utilize the
algebraic properties of (“2,+), in particular the fact that all elements of “2 are
self-inverse.

This line of research will be continued in Rostanowski and Shelah [4], where we
will deal with the general case of K many pairwise non-disjoint translations (getting
the full parallel of [5, Theorem 1.13]).

Received by the editors November 11, 2017, and, in revised form, November 14, 2017, May 27,
2018, and August 13, 2018.
2010 Mathematics Subject Classification. Primary 03E35; Secondary 03E15, 54H05.

(©2018 by the authors under [Creative Commons Attribution 3.0 Licensel (CC BY 3.0)

73


https://www.ams.org/bproc/
https://www.ams.org/bproc/
https://doi.org/10.1090/bproc/39
https://creativecommons.org/licenses/by/3.0/

74 ANDRZEJ ROSLANOWSKI AND VYACHESLAV V. RYKOV

Notation and terminology. Our notation is rather standard and compatible with
that of classical textbooks (like Jech [2]). However, in forcing we keep the convention
that a stronger condition is the larger one.

Ordinal numbers will be denoted by the lower case initial letters of the Greek
alphabet «, 8,7, 0, ¢ and (, . Natural numbers (finite ordinals) will be called 4, j, k
and £, n.

For a forcing notion P, all P-names for objects in the extension via P will be
denoted with a tilde below (e.g., h, T'), and Gp will stand for the canonical P-name
for the generic filter in P.

For two sequences 7, v we write v <1 7 whenever v is a proper initial segment of
7, and v < 7 when either v < or v = 7. A tree is a <—downward closed set of
sequences.

The set of all sequences of length n and with values in {0,1} is denoted by ™2
and we let “72 = J, ., "2. For 0 € “72 let [0] = {x € “2: 0 < z}. The Cantor
space “2 of all infinite 0-1 sequences is equipped with the topology generated by
sets of the form [o] and the coordinate-wise addition + modulo 2. Thus (¥2, +) is
a topological group.

For atree T C“>2 weset [T] ={x €“2: (Vn <w)(zlneT)}.

Foraset ACX xYandze X andy €Y let

Ay ={z€Y :(z,2) € A} and AY={z¢e€ X :(z,y) € A}.

2. SOME TECHNICALITIES

Definition 2.1. Let 1 < ¢ < w. A 4-arrangement in ‘2 is a tuple (a,b,c,d) C 2
such that a <jex b <jex € <lex d and
min{k < £:a(k) # c(k)} = min{k < £: b(k) # c(k)}
=min{k < {:a(k) #d(k)} = min{k < £:b(k) #d(k)}.

Lemma 2.2. Let 15 < £ < w. Suppose that h : [2]> — 2 is a coloring with the
property that

(®) if a,b,c € “2 are distinct, then h(a,b) =1 or h(a,c) =1, or h(b,c) = 1.
(That is, there is no h-homogenous triangle in color 0.) Then there is a set A C 2
such that

(1) |A| > 5, and A contains a 4-arrangement, and
(2) A is h-homogeneous in color 1, i.e., h(a,b) =1 for distinct a,b € A.

Proof. First, for a € *2let Z, = {x € 2: 2 # a A h(x,a) = 0}. It follows from
the assumption (®) that

(x) for each a, the set Z, is h-homogenous in color 1.
If for some a € *2 the set Z, satisfies the requirements of (1), then we are done. So
suppose that

(®) for each a € 2 either |Z,| < 4 or Z, contains no 4-arrangement.
Let a € 2 be the sequence constantly equal to 0 and let d € *2 be the <jolast
element of 2\ Z,. It follows from (®) that {z € *2: z[({ —3) = 1} \ Z, # 0, and
hence d(k) =1 for k < ¢ — 3.

Let Y ={0€%32:0(0)=0 A o(1) =1} and for o0 € Y let X, = {x € 2
o < z}. By (©), Xo \ Zs # 0 (for each o0 € Y), so we may pick z, € X, such
that h(a,z,) = 1. Again by (®), the set {z, : 0 € Y} cannot be contained in
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Z4, so we may pick c* € Y such that h(d,z,+) = 1. Set b = x,+ and note that
h(a,b) = h(b,d) = 1.

Now we repeat the above procedure “on d’s side” for both a and b and d. We let
Y={ce’32:000)=1A0(1)=0}and Y" = {p € %2:5(0) =1 A (1) = 0}.
For o € Y’ consider X, = {x € 2: ¢ <z} and note that by our assumptions we
may pick z/ € X, such that h(a,z]) = 1. Now, for each p € Y” we may choose
o, € Y' such that p < o, and h(b, x;p) = 1. By our assumptions, for some
p* € Y" we also have h(d,a; ) = 1. Set ¢ = a7, . and note that (a,b,c,d) is a
4—arrangement which is homogenous in color 1.

Repeating the above procedure again, but starting with Y+ = {0 € =32 : 5(0) =
o(l) =0 A o(2) = 1}, going through levels £ — 3, ¢ — 6, and £ — 9 and dealing
with a, b, ¢,d one may find e € “2 such that A = {a, b, c,d, e} satisfies the demands
(1)+(2). O

*

Lemma 2.3. Let 0 < £ < w and let B C *2 be a linearly independent set of vectors
(in (°2,4,-) over (2, +2,2)).
(a) If a,b,c € *2 are pairwise distinct and {a,b,c} + {a,b,c} C B+ B, then for
some pairwise distinct n,v, p € B we have
a+b=n+v and a+c=n+p.
(b) If AC 2, |A| >5, and A+ A C B+ B, then for a unique x € ‘2 we have
A+z CB.
Proof. (a) Let Vg, Vb, Na, Nes P, Pe € B be such that
atb=vo+w,, a+c=n.+n., and b+c=p,+pc.

Then v, # vy, Na # Te, Po # Pe, and
pptpe=btc=a+btat+c=ve+vy+n+ e

By the linear independence of B we conclude {v,, vy} N {na, 1.} # 0.

(b) Let A= {ag,a1,...,an-1}, n = |A| > 5. Using clause (a) we may choose
n,v, p € B such that

apy+a=n+v and ag+ax=n+p.

Note that

(@) if 2< k <nand ag+ ar =n* +n7 with n*,n" € B, then

{0 {n, v} =" 0"y n{n,p}l = 1.

(Just apply clause (a) to ag, a1, ax and to ag, ag, ax, remembering that B is linearly
independent.)

Let x = ag+mn. We will argue that a;+z € B for all i < n. Clearly by our choices
this holds for 4 < 2. Suppose 2 < i < n is such that a; + = ¢ B. Let n*,n*t € B
be such that ag + a; = n* +n*. If we had n € {n*,n"}, then a; + (ag +7n) € B,
contradicting a; + = ¢ B. Therefore n ¢ {n*,n*} and it follows from (&) that
v,p € {n*,n"}, so ap+ a; = v + p. Let j < n be such that j ¢ {0,1,2,4}, and let
ap+a; =v* +vt, v*, vt € B. Then (using (®)) we get

v vt yn{n v = v v n{n, ol = " v 0 {v pl = 1,

a contradiction. The uniqueness of x follows from the linear independence of B. [
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Lemma 2.4. Suppose that P C “2 is a perfect set and A, C P x P are ¥} sets
(for n < w) such that P x P =, ., An U{(2, ) : x € P}. Then there is a perfect
set P* C P with the following property:
(V) For some increasing sequence of integers 0 = ng <njp < ng <ng < ..., for
each k < w and any distinct z,y € P* we have
(a) if [ngs1 # Yyt then for all o',y € P*

(g1 = 2" g1 A ylnegr =¥ Ine) = ((zy) € A & (2,y) € Ag),
(b) the set {z[ngt1:2 € P* A zIng = xng} has exactly two elements.

Proof. We will use the general result of Mycielski on the existence of independent
sets in topological algebras. To be able to quote his theorem we have to introduce
some definitions.

We say that a set S C P™ is obtained by identification of variables from R C
P+ if for some i, j < m we have

(1‘1,...,.737”) eSS & (1‘1,...,.’Ifi,.’lfj,xi+1,...,l‘m) € R.
For n < w let J, consist of all pairs (o,p) € “”2 x “>2 such that the set
([o] x [p]) N A, is meager (in P?) and [0] N [p] = 0, and let K,, consist of pairs

(0,p) € “?2 x “>2 for which ([o] x [p]) \ A, is meager and [¢] N [p] = 0. For
(0,p) € Jp, we may fix a Borel meager (in P) set X, , C P such that

(Vz € [0]\ Xo,p)((An)z N [p] is meager) and
(Vy € [p] \ Xo,p)((An)? N [0] is meager).

Similarly, if (o, p) € K,,, then a Borel meager set X, , C P is such that

(Vz € [0] \ Xo,)([p] \ (An) is meager) and
(Vy € [p] \ Xop)([0] \ (A,)Y is meager).

For (o,p) € J, U K, let

Rg , = {(@1,2,y1,92) € P*: w1, € [0]\ Xop A Y1502 €[]\ Xop
A (z1,51) € An A (22,92) ¢ A }.

Clearly for every (o, p) € J,UK, the set RZ , is meager (in P*), moreover if § C P*
is obtained from Rj , by repeated identification and Jor permutation of variables,
then S is meager in P* as well.

The sets A,, have the Baire property and hence the sets J, U K,, are dense in
w>9 x w>2. Let

X:U{me:(a,p)eJnUKn A n<w}
and
R, ={(z,y) € P*: 2 # y and for all (0,p) € J,UK,, we have z ¢ [0] V y ¢ [p]}.

Easily, X is a meager subset of P, each R,, is meager in P? and identification of
variables in R,, leads to an empty set (so meager).
By [3, Theorem 1, p. 141] there is a perfect set P’ C P such that

o (P'x P x P xP)NRy ,=0foral n<wand (0,p) € J, UK,, and

)

e P’NX=0and (P x P)NR, =0 forall n < w.
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Clearly, if x # y are from P’ and n < w, then for some N < w we have
(Va',y' € P')((zIN =a'IN A yIN=y'IN) = ((z,y) € A4, & (2',y) € A,)).

By shrinking the perfect P’ one can construct a perfect set P* C P’ and an in-
creasing sequence 0 = nyg < n; < ng < ... such that the demands in (V) are
satisfied. O

3. THE MAIN RESULT

Theorem 3.1. There exists a ccc forcing notion P of size wi such that in V¥, there
is a $9 set B C “2 with the properties that

(&) (a) for some sequence (hy : a < wy) of pairwise distinct elements of 2
we have |(hq + B) N (hg + B)| > 4, but
(b) in each perfect set P C “2 there are f,g € P with |(f+B)N(g+B)| < 2.
Proof. A condition p € P is a tuple
p: <u?n’ﬁ’m*’{7M’K> = <up’np’77p7m§<)7fp’/’l’p’Kp>
satisfying the following demands:
(1) D#ue [wi|<, 0<my,n<w,and 7= (N, : a € u) C"2.
(2) £ = (ty, : m < m,), each t,, C "Z2 is a tree with all maximal nodes of
length n.
(3) w:[u]> — "2 x m,, and if o # B are from u, then we will write u(a, 3) =
5+ @) = (Pa s b
4) If a # B are from u, then both 14 + pa,s € te, , and 15 + pa,g € te, 4-
5) K:u— m,:a— K, and n, € txg, .
6) If o« < 8 <y are from u, then {Ko, Ky, 0o~} # {Ks, Ky, 03~}
7) it m <m' < m,, then t,, Nt N"2 = 0.
8) If m < my, then t,, N"2C {Ny +paps:a# B Na,f€u} U{n,: a€u}.
9) (N : @ € W) {pap:a<pf Aa,B € u)is a list of linearly independent
vectors (in ("2, 4+, -) over (2, +2, -2)); in particular they are pairwise distinct.
The order <p=< of P is defined by:
p < ¢ if and only if the following conditions are satisfied:
(i) w? Cul, n? <n? and mL < mi.
(i) If o € uP, then ndn? = nk.
(iil) If m < m¥Z, then t4, N "2 =2, N"™"2.
(iv) If a € wP, then K% = K¢ and if a # B are from uP, then £, ; = ({ ; and
P I’ q
Pap = Pap:

Py

Claim 3.1.1. (P, <) is a partial order of size w.

Claim 3.1.2.

(1) If p € P and bo,co,b1,c1 € U,yeper(th, N "’2) are pairwise distinct and
satisfy by + co = by + c1, then for some o #  from uP we have

{bo, co, b1, e1} = {na, 0, mh + ph g2 + Ph 5}

(2) Also, for some i < 2, {b;,c;} = {nh,n5} or {bi,ci} = {nk + p, 5,5} or
{bisciy = {nk + ol g i }-
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Proof of the claim. It follows from the definition of P (clause (8)) that bg, o, b1, c1
€ {Na,Na + Pa,p : @ # B are from uP}. Since, by clause (9), (02 : @ € u) (pa.s :
a < B Aa,B € u) are linearly independent we easily get our conclusion. ([l

Claim 3.1.3. For every N, M < w and § < w; the set
Z(‘;V’M:{pG]P’:nPZN ANml>M A 6euP}
is open dense in P.

Proof of the claim. Suppose that p € P and let a € wy \ w?.
Let (g, ..., ar) be the increasing enumeration of u?. Set v = v? U {a}, n =
nP 4+ k42 and m, =mL +k+2. Fori <k let
Ny =05, (0,...,0)  and  pa,a = Pa,a; = (0,...,0)7(1)7¢0,...,0).
—— ——

——
k+2 nP+i+1 k—i

We also let 1, = (0,...,0)7(1)7(0,...,0) and we put ln, o = ln,a; = mk + i and
—— ——

np k41
Ko = mf{ 4+ k+ 1. Next, for i < k we define K,, = K% and for i < j < k we
let paj.a; = Paia; = Phya;, (0s---,0), and Lo o, = laga; = 05, o, (So a function

k42
p e [u)> — ™2 x m, is defined now too.) For m < m¥ let

tm =2, U{670,...,0) 0 €t N™2 A j<k+3}
H},—/
J
and for m =mb +i < my —1let ty, = {(Na, + Pas.a) Js (Mo + Paia) i s j < n} and
tm.—1 = {nalj: 7 <n}. Finally, let £ = (£, : m < m.).
It is straightforward to verify that ¢ = (u,n, 7, m, ¢, u, K) satisfies the demands
of the definition of a condition in P. Moreover, ¢ is a condition stronger than p,

and a € u?, mI > mb +2 and n? > n? + 2.
Now the claim readily follows. O

Claim 3.1.4. The forcing notion P has the Knaster property.

Proof of the claim. Suppose that (pe : £ < wi) is a sequence of conditions from
P. Applying the standard A-lemma based cleaning procedure we may find an
uncountable set A C wy such that {uP¢ : £ € A} forms a A-system of finite sets
and for £ < ¢ from A we have:
(¥)1 nPe = nPe, mbs = mb, tre = e,
()2 |uPs] = |uP<|, uPe N uP< is an initial segment of both wP¢ and uP< and
max(uPe \ uP¢) < min(uP< \ uPe),
()3 if m: uPt — uP¢ is the order preserving bijection, then for every o € uPs

we have

b¢
m(a)

K& = KY¢

m(a)
and pP (o, B) = pPé (m(a), m(8)) for all o < B from uPs.

We may assume that uP¢ NuP¢ # () # uP< \ uP¢ for distinet &, ¢ € A.
We will argue that if £ < ¢ are from A, then the conditions p¢, pc are compatible.

and 7hf =17
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Let

(*)a (Y0,---,7ke) be the increasing enumeration of uP¢ NuP<, let (g, ..., ak,)
be the increasing enumeration of wP¢ \ wP¢, and let (5o,...,Bk ) be the
increasing enumeration of uP< \ uP¢ (so 2 + ko + k1 = |uP¢|) and let

(#)s k* = (k1 + 1)(ko + k1 + 3) + B2 4 gy — ppe 4 k% and m, =

PS4+ (ky +1)2, and

(¥)6 vi = {0,...,0)(1)70,...,0) € *"2 for i < k*.
N—— N——
7 k*—i—1

To define a common upper bound to p¢ and pc we put

(%) u=uPt UuP¢ ={o; 1 i <k} U{Bi: i1 <k1}U{vy:i<ko}, and

(¥)s for i < ki we set 1, = 705 0,...,0), ng, = nZC “v; and for i < kg we let

n—nPé
My = 1570, ., 0), and
—
n—nP¢

(%) Ko, = K&, Kg, = Kgf (for i < ky) and K., = K5 (for i < ko).

We define also a function p : [u]? — "2 x my : {8,e} + (pse, ls,c) as follows:
()10 if 0 < € are from wP¢, then ps. = p§f5“<0, ...,0) and (5. = ff;fs;
——

n—nP&
()11 if i < ko and j < Ky, then p,, 5, = p,y “vg, where k = (k1 + 1) +i(k +
. _ 14 .
1)+j,and £, 5, = g'Yf;ﬁj’
(#)12 if 4,5 < ki, then po, 5, = (0,...,0) v, where k = (ko + 2)(ky + 1) +
——
nr¢
i(k1 +1)+j, and Ly, 5, = m* + (k1 + 1) 4+ J;
(*)13 if @ < j < ki, then pg, 5, = p51 “vi, where k = (k1 + 1)(ko + k1 +3) +
i(2ky —it1 o
%ﬂ +(—i-1),and eﬁi,ﬂj = K,Bhﬁj'

Finally, let ¢ = (t,,, : m < m,), where

i

(¥)14 if m < mi¢, then

b= the U{o(0,...,0): 0 € ths N2 A k < E*}
——
k

U{nglk:i<ki N Kg,=m AN k<n}
U {(n’h +p%ﬁ;)r ti<ko N jg<k A g’wﬁj =m A kgn}
{(nﬁj +p%,ﬁ])rk i <hko N j<ki A g%‘ﬁj =m A k<n}
UA{(ns, +ppi)lk i <j<ki A lgp =m A k<n}
U{(ns, +psip)lkii<j<ki A lgp =mAk<n}

and
(¥)15 for m =mbi¢ +i(ky + 1) +j < ma, i,j < ky, we let

b = {(nai—"_paz‘;ﬁj)rk’ (775]' +pais,3j)rk ik < n}

One easily verifies that ¢ = (u,n, 7, my,t, u, K) satisfies the demands of the
definition of a condition in P and that this condition is a common upper bound of
p¢ and pe. O
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We define P-names hq (for a < wi), T, (for m < w) and rq g (for o < f < w1)
by
o IFp“ho =U{mk :p€Gr N a €},
o Fp“ Ty, =U{th, :pEGp AN m<mi}”,
o lkp“rap=Ulphs:pEGr N a,BE€UP} 7.
Claim 3.1.5. For a < < w; and m < w we have
(]-) IFp© bowfoz,ﬁ S
(2) Fp“ Ty €972 is a tree with no maximal nodes 7,
(3) IFp“if m <m/ < w, then [T),] N [T] =0 7.

Proof of the claim. By Claim B.1.3 and the definition of the order of P. |
Let B be the P-name for the ¥§ subset of “2 given by Ikp* B = ,, ., [T'm] "
Claim 3.1.6. For each o < 8 < wy we have
IFp “ |(ha +B) N (hg + B)[ =47

Proof of the claim. It should be clear that hq, hg, ha+Ta,3, and hg+714, 3 are forced
to belong to B and they all are pairwise distinct. Therefore, 0,145, ho + hg and
ha + hg + 1q,p are distinct elements of the intersection (ho + B) N (kg +B). O

Claim 3.1.7.
IFp “ for every perfect set P C “2 there are f,g € P with |(f+B)N(g+B)| <4 7.

Proof of the claim. Suppose G C P is generic over V and let us work in V|[G] for
awhile. Assume towards contradiction that P C “2 is a perfect set such that

(Vf,9 € P)(I(f +BY) N (g+ BY)| > 4.

Then for distinct f,g € P there are pairwise distinct by, cg,b1,c1 € B such that
f+g=bo+co=by+c1. Now, for (£g,mg,¥1,m1,N) € °w let

Aé\é7m0;élam1 = {(f,g) € P?: for some b; € [Ig],ci € [T5,.] (for i < 2) we have
borN 7§ CorN and {bOrN,CorN} ﬂ{ber701rN} = @
and f—|—g:b0—|—60 :b1—|—61}.
By our assumption on P we know that

(X); for each distinct x,y € P there are £y, mg,£1, m1, N < w such that (z,y) €
N
£o,mo,l1,m1"
Since the sets A%,mo,il,ml are %1, we may use Lemma [Z4] to choose a perfect set

P* C P and an increasing sequence 0 = ng < ni < ng < nsg < ... such that

(X)y for each k < w and any distinct z,y € P* we have:
(a) if z[ng1 # ylngyr, Lo,mo, f1,m1, N < k, then for all 2’y € P~
satisfying x|ngi1 = @' [nga1 and ylngs1 = y' [ngyr1 we have

('/Ea y) € A%,mothl ~ (J?l, y/) € A%7m07€1;m1’

(b) the set {z[ng11:2 € P* A z[n, = z[ni} has exactly two elements.
Now, by induction on j < 21 we may choose 0 = kg < k1 < ks < ... <k; <... <
koo < ko1 and A C P* such that
(M)3 |A] =22, say A = {z0,...,7920_1},
(M)y if j <20, z,y € A and z[ng, # ylng,, then (2,y) € AN

20110011 for some
Ly, mo, €1, m1, N < kj,
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(X)s if j < 20 and x € A, then there is y € A such that x[ng, = y[ng, but
xrnk]‘+1 7é yfnkj+1~
Let P*, 7, A = {20,...,T220_1}, and k be P-names for the objects appearing in
(X);-(X)5 and let a condition p € G force that they have the properties listed
there.
Passing to a stronger condition we may also demand that

()¢ p decides the values of ko, k1, ..., ko1, say pl- k; = k; for j <21,

(X)7 p decides the values of ng,n1,. .., Nk, , say p - n; = n; for i < ko,
(X)s p decides the values of zg[nky,, ..., 2220 1[Nk, , say p Ik z;iIng,, = o for
i< 220

(K)g nP > ng,, and m¥ > ko;.
Note that it follows from (X)5 + (K)5 that
(M)10 if i < j < 2%, then o} # o7F.
Since p forces that x;’s have the properties listed in (X); and (X)3—(X)s, there are
o; €2 (for i < 229) such that
(K)11 of < o; for each i < 220 and
(K12 if 4,5 < 220 are distinct, then for some €q(i, 5), mo (i, 5), €1(i, ), m1(i, 5) <
m¥ and by(i,7) € t?og’j)m" 2, ¢o(3,7) € tﬁo(i’j)m" 2,01(4,7) € t’gl(i’j)ﬁn 2,
c(i,j) € tzh(ij) N ™ 2 we have
(a) g; + 0 = bo('l,]) + Co(i,j) = bl('l,]) + Cl(i,j), and
(b) {bO(’Lmj)v Co(i,j)} N {bl(zv.])? Cl(ia.j)} = wa
(M)13 if 4,4, 4,7 < 220 and k < nP are such that o,k = oy |k # o;lk = o[k,
then

<£0(i7j)7 mo(i7j)=£1(i7j)v ml(z7j)> = <£O(i/,j/)7mo(i'7j/)7fl(i/7j/)7m1(i/,j')>_

It follows from (X)10—(X)12 that there are no repetitions in the list by (i, j), co(, j),
bl(iuj)a cl(iaj)-

By Claim BI2(2), for distinct i, j < 220 we can find ¢ < 2 and distinct «, 3 from
uP such that

o cither {by(i, ), ce(i,5)} = {n8,ms} (in which case we set h(i,j) = 1),

o or {be(i, 5), celi, j)} = {n% + o g mj} (and then we set h(i, j) = 0),

o or {be(4, ), ce(i, §)} = {nkh + pl, 5,15} (and then we also set h(i,j) = 0).
Note that

(X)14 if 4,5,k < 220 are pairwise distinct, then h(i,j) = 1, or h(j,k) = 1, or
h(i, k) = 1.

Why? First suppose that for some oo < 8, v < § and € < ¢ from u? we have
oi + 05 =bo(i,j) + co(i, ) =1k + 05 + Pl 5,
0+ ok = bo(j, k) + co(4, k) = nh + 15 + oL 5,
i+ o = bo(i, k) + co(i, k) = nZ +n + pL .
Then
0= (b +m+pbg) + 0 +n5 +pb 5) + (0 +nf + oL ).

However, by the linear independence, this is not possible (the p’s cannot be can-
celled).
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Second, suppose
o; + 05 = bO(Zvj + CO(imj) = Wg + Wg + pz)ﬁ = piﬂ@v
oj + ok =bo(j, k) + cod, k) = nh +n5 + ¢ 5,
o; + ox =bo(i, k) + co(iy k) = nf + 772’ + pQC'
Then p}, 5 = (0% +ns + o4 5) + (M2 +n¢ + pL ), and this is again not possible by
the linear independence.
Thirdly, the assumption that o; + o; = p? g Oj + 0k = pz s and o; +op =
ne +nf + pL - leads to
Po + Phs = TE 110 + ¢
again a clear contradiction.
Fi.nally7 t.he configuration o; +0; = p, 5, 0j +ox = p s and 0; + 0, = pf . is
also impossible.
Using Lemma 22 we may find A C {i : i < 220} such that

(X)15 (a) |A| > 5,and A= {o; : i € A} contains a 4—arrangement (see Definition

210), and

(b) A is h-homogeneous in color 1, i.e., h(i,j) = 1 for i < j from A
remember (X)3 + (X)5). Now, (X)15(b) implies that
( p
A+ AC{nE:acult+{nt:acul}.

Hence, by Lemma E3(b), there is 2 € "2 such that A+ C {92 : o € uP}. Since
A+ x contains a 4-arrangement we may find @ < 8 < =y such that n%, ng, nh € A+x

and

mingk < 7 () # 2 (k)} = minfk < 5 (K) £ 2 (K)}

< min{k < n?: (k) # nj(k)}.
Now, (n%, + ), (n + x), (7% + ) € A so let 4,7,k < 2°° be such that 7%, +z =
oisNy +x = 0; and 9} + 1 = oy. Then
nﬁ + 77,1; =0;+ o= bo(i, k) + Co(i, k) = bl(i, k) + Cl(i, k)
By (®)15(b) we know that h(i, k) = 1, so for some = < 2 there are distinct ¢, ( € uP
such that {= b, (i, k), c;(i,k)} = {nf,n¢}. Then nk +nb = n?+n{ and by the linear
independence of (175 : § € u) (pj . : 0 <& NG, € € u) necessarily {n2,n¢} = {nh, 75}
But now Claim BI2(1) gives that {b1—.(i, k), c1-2(3,k)} = {0} + pb .0 + o5 }-
Consequently, using (X)12 + (7) we get
{KL, KP} = {lo(i, k), me (i, k)}  and {08} = {1 o(i, k), m1.(i, k) }.
Therefore,
{KP, KPP} = {lo(i, k), mo(%, k), (1(2, k), m1 (3, k)}.

AR
Similarly, considering (4, k, 3,~) instead of (¢, k, @, y), we show that

{KP’K$7€€3,W} = {60(.% k)vmo(ja k)vel(jv k)’ml(jv k)}
By (K)13 we have
{KO(iv k)va(i7k)7£1(i7 k)vml(lvk)} = {£0(37 k)va(jv k)vgl(z% k)7m1(j7 k)}

and this implies that { K, Kg,f{jw} = {K%, Kg,fgﬁ}, contradicting clause (6) of
the definition of P. O

O
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Theorem 3.2. (1) Assume that a $9 set B C “2 satisfies (@) of Theorem Bl
Let Q be a ccc forcing notion. Then kg “ B satisfies (&) 7.
(2) Suppose k is an infinite cardinal satisfying k“° = k. Then for some ccc
forcing notion Qp we have

kg, “¢ =k and there is a X9 set B C “2 satisfying (#) 7.

3) Assume CH. Let C,, be the forcing notion adding we Cohen reals. Then
2
in VCe2 the following holds:
If BC“2 is Borel , (ng : a <ws) C“2 and

(Va < B <wa)([(B+ma)N(B+mng)| >4),
then there is a perfect set P C “2 such that

(Vz,y € P)(|(B+2) N (B+y)| >4).

143

(4) Assume CH. Then for some ccc forcing notion Q1 we have lFg “c = ws
and there is a X3 set B C “2 satisfying
(®)1 for some sequence (hy : a < wy) of pairwise distinct elements of 2
we have |(hq + B) N (hg + B)| > 4 for all o, B < wy, but
(®)o there is no sequence (gq : @ < wa) of pairwise distinct elements of “2

such that |(go + B) N (gg + B)| >4 for all o, f < wa”.
Proof. (1) For a X9 set B C “2, the set
Zp ={(z,9) €“2x“2: [(B+2)N(B+y)| > 2}
is 9. One can easily see this by noting that (x,y) € Zp if and only if
(3to,t1,ts € B) (@ +y+to € BAz+y+1t1 € BAT+y+ts € BA|{to,t1,12}] = 3)

and remembering that continuous images of X9 subsets of 5(“2) are X3. Conse-
quently, for a ¥9 set B C “2, the formula “there is a perfect set P C “2 such that
PxPCZg”is E%, and thus absolute for forcing extensions.

Since Ax A C Zp if and only if |(B+z)N(B+y)| > 2 for z,y € A, the assertion
should be clear.

(2) Let P be the forcing notion given by Theorem Bl and let C,; be the forcing
notion adding x Cohen reals (with finite conditions). It follows from (1) above (and
Theorem 1)) that the composition Qy = P x C,; has the required property.

(3) First note that for a Borel set B C “2, the set Zg = {(z,y) € “2 x “2:
(B+ )N (B+y)| >2}is ©{. Now, by Shelah [5, Fact 1.16], after adding wo
Cohen reals over a model of CH, every analytic subset of “2 x “2 (so sets Zp in
particular) which contains a square of side length ws contains a perfect square.

See more in Rostanowski and Shelah [4, Section 3].

(4) Let P be the forcing notion given by Theorem B.1] let C,, be the forcing
notion adding ws Cohen reals, and let Q; = P+ C,,. In V& consider the 9
set B added by P. As in (2) above, Ik, “B satisfies (#)”, so in particular IFq, “B
satisfies (®);”. Since V¥ = CH, we may also use (3) to argue that IFg, “ B satisfies
(®)s”. O

Theorem 3.3. Assume MA + —~CH. Then there is a ¥ set B C “2 satisfying
(#) of Theorem [B11



84 ANDRZEJ ROSLANOWSKI AND VYACHESLAV V. RYKOV

Proof. Standard consequence of the proof of Theorem B.Il With notation as there,
let M be a transitive model of a large part of ZFC and such that w = w; and
IM| = w;. (For instance, take the transitive collapse of N' < H(x), |N| = wi,
wy € N.) Then P € M. By MA + —-CH we may find an M-generic G C P.
Consider M[G] which is a model of a large part of ZFC. By the proof of Theorem
Bl there are (T}, : m < w) and (1, : @ < wy) belonging to M[G] such that

()M in M[G],

(a) T, € “72 is a tree with no terminal nodes (for every m < w) and

N € “2 (for each o < wy),

(b) (e + Uppcio[Tm]) 0 (R + U, s [Tn])| = 4,

(c) for every perfect set P C “2 there are f,g € P with |(f+J
The properties stated in (#)™I%(a),(b) are clearly absolute between M and V.
By an argument as in Theorem B:2(1), the property stated in (#)™[Cl(c) is 13, so
also absolute between M and V. ]

[Tm])N

m<w

For the completeness of the picture we would like to know the answer to the
following problem (compare this with Theorem B.2l(3)).

Problem 3.4. Is it consistent that for every Borel set B C “2,

if there is a sequence (1, : @ < wi) of distinct elements of “2 such
that

(Vo< B <wr) (I(B+na) N (B+ns)| > 4),
then there is a perfect set P C “2 such that

(Vx,y € P)(\(B+x) N(B+y)| > 4) ?
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