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WEIGHTED COMPOSITION OPERATORS ON
THE HILBERT HARDY SPACE OF A HALF-PLANE

VALENTIN MATACHE

ABSTRACT. Operators of type f — 1 f o acting on function spaces are called
weighted composition operators. If the weight function %) is the constant func-
tion 1, then they are called composition operators. We consider weighted com-
position operators acting on the Hilbert Hardy space of a half-plane and study
compactness, boundedness, invertibility, normality, and spectral properties of
such operators.

1. INTRODUCTION

Reproducing kernel Hilbert spaces (RKHS), are Hilbert spaces H consisting of
complex valued functions on a set S, so that the point evaluation functionals are
continuous. For that reason, for each w € S, there is an H—function k., (called the
reproducing kernel-function of index w), so that the, so called, reproducing identity
holds:

fw) = (f, kw) feH welbs. (1.1)

The reader is referred to [1] or [16] for the basics on RKHS.
An operator Ty, , of type
Tw,gof =9foyp
acting on some function space is called a weighted composition operator. We will
refer to the functions ¢ and ¢ as the weight symbol respectively the composition
symbol of Ty .

Weighted composition operators have been noticed for quite a while. To give an
example, Frank Forelli proved as early as 1964 that the isometries of non—Hilbert
Hardy spaces over a disc need to be special weighted composition operators [10].
Despite all that, a systematic study of weighted composition operators on spaces
of analytic functions started only about 10 years ago [12], [23]. A short collection
of interesting results were published, e.g. [3], [5], [12], [14], [18], [20], [23]. The
current paper is triggered by such papers as [20] or [8], were the underlying space is
the Hilbert Hardy space of a half-plane and some results on weighted composition
operators on that space are proved. This author noted that a primer on such
operators does not exist in the literature, [26]. This paper is intended to be such a
primer in the hope it will be a useful tool for researchers willing to study profoundly
weighted composition operators.

It is well known that, if such operators are bounded on some RKHS H consisting
of scalar valued functions on some set S, then the following equation (called the
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2 VALENTIN MATACHE

Caughran—Schwarz equality) holds, see [23, Theorem 5]:
TJ),kaZ = @b(x)kw(z) x €S (12)

As an immediate consequence, note that, if one works on a RKHS where the
null function is not a reproducing kernel function (as is the case of the two RKHS
we work with in this paper), then T 4 is the null operator if and only if ¢ = 0
and ¢ is any selfmap of the common domain of definition of the functions in the
space. Thus, to avoid this trivial situation, we will say throughout this paper: let
Ty, be a nonzero weighted composition operator, when we want to avoid it. It
should be emphasized that, if two nonzero weighted composition operators Ty, 4,
and Ty, ¢, , acting on any of the RKHS we consider below, are equal, that fact can
happen if and only if ¥ = 19 and ¢1 = ¢2 (see the proof of Theorem 5), and so
those operators are uniquely identified by their inducing symbols.

If » = 1, we call T}, the composition operator induced by ¢ (or with symbol
¢) and denote it C,, since

Cof=fop [eH.
Clearly, in this particular case, the Caughran—Schwarz equation looks as follows:
C:;kw =kywy x€eS. (1.3)

Also, note that, if ¢(z) = z is the identity function, then Ty , coincides with My,
the multiplication operator with symbol v

Myf=vf feH. (1.4)

We will be concerned in this paper with two RKHS, namely the Hilbert Hardy
space over the open unit disc U, a space we denote H?, and the Hilbert Hardy
space over the right open half-plane IT*, which we denote H?(II"), with emphasis
on the latter space. It is known that H? consists of all analytic functions on U
having square summable Maclaurin coefficients. The Hilbert norm of that space
can be described as follows:

1Fll2 = | D lenl® = sup \//Tlf(m)IQdm(U) f(z) =) eaz" € H?, (L5)
—_ <r<1 n—0

where T = 9U is the unit circle and dm = df/2n, the normalized arclength measure
on T.
The space H2(IIT) consists of all analytic functions on It with the property

1 [T ) )
||f|SUP{\/7T/OO |f(ﬂf+ly)2dy.x>0} < 0.

The above quantity describes the Hilbert norm of H2(II*). For the theory of Hardy
spaces, the reader is referred to [7], [11], or [17].

All composition operators on H? are bounded and a lot of them can be compact.
The space H?(IIT) is very different. This author proved that H?(IIT) cannot
support compact composition operators [21]. Compact operators are bounded,
since they transform the unit ball of the space on which they act into a relatively
compact (hence bounded) set. Thus, it was not unusual to investigate compactness
prior to boundedness. The characterization of boundedness followed later [23],
more exactly it was proved that ¢, an analytic selfmap of IIT, induces a bounded
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composition operator on H?(II") if and only if ¢ fixes the point at infinity and has
a finite angular derivative there.

More formally, let ¢ be an analytic selfmap of ITT, v(2) = (1 + 2)/(1 — z), the
Cayley transform of U onto II*, and ¢ = v~! 0 ¢ oy the conformal conjugate of ¢
by Cayley’s transform and its inverse.

If the angular limit ¢(1) of ¢ at 1 equals 1, then the angular derivative ¢'(1) is
known to exist if and only if and only if

— Rw +
C.—sup{%(b(w) rwell }<oo,

in which case, the equality ¢’(1) = C holds and the angular limit ¢(o0) of ¢ at
infinity exists and satisfies the condition ¢(0c0) = co. For that reason, we denote
C = ¢/'(o0) and call it the angular derivative of ¢ at infinity whether finite or not.
The reader is referred to [27] for angular limits and angular derivatives.

Thus, according to [23], ¢ induces a bounded composition operator on H?(IT1),
if and only if ¢(00) = oo and ¢’(c0) < oo. If that fact happens, then:

Theorem 1 ([9]).
1Csll = 7(Cs) = ICslle = V/¢'(20), (1.6)

where ||Cylle denotes the essential norm of Cy.

What makes weighted composition operators worth studying in a space where
bounded unweighted composition operators are few and none are compact is, among
other things, the fact that they can be compact and the differences from the
weighted composition operators on H? are interesting. Here are some simple ex-
amples. If Ty, ., is bounded on H? then ) must belong to H? since Ty (1) = 9.
On the other hand if Ty, 4 is bounded on H?(II*), then it does not follow that
¢ € H?(II), which is easy to see, since 71 4, = Cy, but 1 ¢ H?(II'"). Nevertheless,
Corollary 2 provides a large class of compact operators T 4 on H 2(IT+) with the
properties ¢ € H2(II") and C, is unbounded. The class of bounded weighted com-
position operators on H2(IT) contains a “unitarily equivalent copy” of the class of
composition operators on H? (Example 2), which can be used to address unitarily
invariant properties of weighted composition operators on H?(II*), by reducing
them to the similar properties of the (intensely investigated), composition opera-
tors on H2. A weighted composition operator Ty,s on H 2(IT*) can be isometric
although the composition operator Cy is unbounded, or bounded, but not isometric
(Remark 2).

In this introductory section, we chose to introduce notation and the main con-
cepts. Also, we will briefly describe the results contained by the next sections.
In section 2 we address the questions of when weighted composition operators on
H?(IT*) are compact, and more generally, bounded, providing necessary or suffi-
cient conditions for boundedness or compactness (Propositions 2, 3, Theorems 2,
3, 4). We also study when such operators are invertible (Theorem 4), or isometric
(Theorems 6, 7). Invertible isometries are called unitary operators. Such operators
are characterized in Theorem 5. Unitary operators are normal. The study of normal
weighted composition operators on H?(II") is mainly done in section 3. Section 4 is
dedicated to the study of spectral properties of weighted composition operators act-
ing on H2(II") and the description of numerical ranges. Recall that the numerical
range W (T) of a Hilbert space operator T is the set W(T) = {(Tx,x) : ||z|| = 1},
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(see [16] for more on numerical ranges). Throughout this paper, the notation || | oo
designates the supremum norm.

2. BOUNDEDNESS AND COMPACTNESS

There has been some work on understanding weighted composition operators on
H?2. One can obtain information on those acting on H?(II*) using that work and
the following;:

Proposition 1. Let ¢ be an analytic selfmap of IIT and v an analytic map on
the same set. Let ¢ =y~ 1o ¢ o~y be the conformal conjugate of ¢ by the Cayley
transform and its inverse. Finally, denote by v the map
~ 1—¢(z
9(z) = o y(x) A2
Then the operators Ty 4 and TJJ , are unitarily equivalent.

zeU. (2.1)

Proof. The following are two unitary operators between the spaces H? and H?(II1),
which are inverse to each other:

Uf = ig_(zz) feHQ(HJr)’g(Z)f(iti)MZGU
and
Vg:{i—w; geHQ,f(w)=g(Z;1>’w€H+-

To see these operators are isometric, recall that the way to transform dm = df/2m,
the normalized arclength measure, into dt, the Lebesgue measure on the vertical
axis is " @t

= (2.2)

2 w(1+t2)
(see [17, page 243]). Therefore

too it—1\|?dt [T g 0df
74 2 — i i0\12 %
W= [ el ()| 2= [ ey

us
and so, V is isometric from H2(II*) into H? and it is easy to check that V and U
are each other’s inverse. A routine computation shows that UTy ¢V =T} . O

As a fast application, we record the following consequence:

Corollary 1. If ¢ is an analytic map on II'T then My, the multiplication operator
induced by 1, is bounded on H*(II1) if and only if ¢ is a bounded analytic function,
and, in that case, the spectrum of My is the closure of the range of v and the
numerical range of the same operator equals the range of 1.

Indeed, using the same notations as in Proposition 1, let ¢ be the identity of
II*, hence ¢ is the identity of U and so, by Proposition 1, My = T~ is unitarily
equlvalent to Ty, = My so, the boundedness and descrlptlons of the spectrum and
numerical range of My, follow from the corresponding properties of multiplication
operators acting on H?, which are well known (see [19] for the numerical range).

Easy necessary conditions for the boundedness, respectively compactness, of
weighted composition operators are obtained by evaluating their adjoints on ker-
nel functions and using the Caughran—-Schwartz equality (1.2). In the case of the
RKHS, H?(ITt), this results in the following:
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Proposition 2. Let ¢ be an analytic selfmap of IIT and ¥ a map analytic on IIT.
In order that Ty 4 be bounded the following condition must hold

My 4 = sup {|1/)(w)| 5}% TwE H+} < 00. (2.3)

If ¢ is constant, then Ty 4 is bounded if and only if condition (2.3) holds and
| Ty ¢ll = My.p. In order that Ty 4 be compact, the following condition must hold:

Rw

=i =0. 2.4
My, ¢ = lmsup b (w)] Ro(w) (2.4)

If Ty 4 is compact and v # 0, then condition
Ro(it) >0  ae. (2.5)

must be satisfied.

Proof. A straightforward computation with the operators U, V and the Szego ker-
nels

ka(z)zl—az o,zeU

which are well known to be the reproducing kernel-functions of the RKHS H?2,
shows that the reproducing kernel functions of H2(IIT) are the functions

1
KB (w) = ——
2(w + B)
By the Caughran—Schwarz equation (1.2) and the reproducing property (1.1) one
can write:

w,B €1IlT.

175,655l
My = sup{ ”[? iBe H+} < 1Ty sl (2.6)

Thus, My, , must be finite if Ty 4 is bounded. If My o = || Ty 4|/, we say that Ty 4
attains its norm on kernels. As one can see from Theorem 1, this happens if ¥ =1
and hence it will be true when 1 is any constant function.

One can see that the family of normalized kernels

Kp +}
F = 11
{lKﬁll Ae

is a family of norm bounded functions and TRsT K ” tends to 0 pointwise when 3 — 0.

Since, H2(II") is a RKHS, this means that tends weakly to 0 when RS — 0.
Therefore, if T, 4 is compact, then

HK [

175,655l

—0 if R/ —O0,
| Kl

that is my ¢ = 0.

Finally, T, 4 is compact if and only if Ty , is compact, and # 0 if and only
if ¢ # 0, where the notation in the proof of Proposition 1 is used. In that case,
condition

ol <1 ae. on T
must hold [23, Theorem 10]. Hence, given equality (2.2), condition (2.5) must be
satisfied.
O
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As we observed, the space H?(II*) does not support compact composition oper-
ators, so a weighted composition operator Ty, 4 with constant symbol ¢ is compact
if and only if ¢ = 0 and hence T} 4 is the null operator. Nevertheless, nonzero
compact weighted composition operators on H?(II*) do exist, as we show in the
following.

2.1. Compact operators. One approach to understanding when operators in
some class are compact is to check when they are Hilbert—Schmidt, mostly if their
action on a complete orthonormal basis of that space is easy to understand. This
is the approach followed in [23].

Theorem 2. The operator Ty, 4 has Hilbert-Schmidt norm || ||ms computable with
the formula:

L[ WGP
T, =4/— ) 2.
1T olls \/47r /_oo Rolit) & @7)
In particular, if there is some ¢ > 0 so that
Rop(w) > ¢ wellt (2.8)

and ¢ € H?(IIY), then Ty , is Hilbert-Schmidt (that is, the Hilbert-Schmidt norm
of T4 is finite).

Proof. 1f T, , is a weighted composition operator on H 2 then according to [23,
Theorem 9], its Hilbert—Schmidt norm is

2
lms = / ful dm. (2.9)
T v

Let ¢, ¢, ¥, and 1 be as in Proposition 1. Then, by that proposition, and (2.9),
one has that the operators Ty 4 and T , have the same Hilbert-Schmidt norm,

1T,

namely
1- 21 /1 > d
1Ty,6llms = \//T‘ : fiu) ¥ (JZ) ; —TIT;(UJ)IQ' (2.10)
Therefore one can write
1Ty, 6ll7rs =
1 o(it) — 17|, it—1|? e (1 oty — 112\t
/_Oo' Telit)+ 1| | it+1 o (it)] _'¢(it)+1 (1 + t2)

™

1 [ 4 ol 412 |1+ ¢(it)]? dt

/_oo Troar VO T — e 1P 1+ 2
L1 i
") et

Hence (2.7) holds.
O

Corollary 2. Let 1) € H?(IT") and let ¢ be a bounded analytic selfmap of I, so
that the closure of ¢(IIT) is a subset of II. Then Ty 4 is Hilbert-Schmidt (and
hence bounded), but Cy is unbounded.

Indeed, condition (2.8) is satisfied, but ¢(c0) # co. Relative to the situation in
Corollary 2, let us note that:
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Proposition 3. If Ty , is bounded, then ¢/(1+ ¢) € H*(IIT). In particular, if
¢ is a bounded analytic selfmap of II'T, v is analytic on 1T, and Ty 4 is bounded,
then 1 must belong to H?(ITT).

Proof. Indeed, it is known that the function 1/(1 + w) is in H?(IIT) (since 1/(1 +
w) = 2K1), so, if Ty 4 is bounded, then Ty ,(1/(1+w)) = /(14 ¢) € H*(IIT). If
¢ is bounded, then there is some ¢ > 0 so that

||
] Sc‘1+¢|

which ends the proof. O
Theorem 3. If ¢ /(1 + ¢) € H?>(IT") and

: [@)*(1+2%) |¢(it) — 1 _
62161+ <eSSSup{|1—i_¢M)|2tER,W—F1|21§}> —O, (211)

then Ty ¢ is compact.

Proof. Operator T ¢ is compact if and only if the unitarily equivalent operator
Td; o is compact, where the same notations as in Proposition 1 are used. By [23,

Theorem 12], the later operator is compact if 7,/; € H? and the following condition
holds

513& (esssup {|’(/~J(C)|2 CeT, o) >1- 5}) =0. (2.12)

As one can easily check, Vi = /(1 + ¢) and so, ¥/(1 + ¢) € H>(IT1) if and
only if ¢ € H?.
In that case, it is easy to see condition (2.11) holds if and only if (2.12) holds.
]

To give a simple example:

Example 1. Let ¢(w) = u%s-l and ¢(w) = w + 1, w € II™. One can easily check
Ty.s satisfies the condition in Theorem 3 and is therefore compact, but Cy is not

compact because it is bounded, since ¢p(oc) = 0o and ¢'(00) =1 < 0.

It is equally easy to check that the operator in the above example is actually
Hilbert—Schmidt by Theorem 2, so the immediate question would be if compact,
non-Hilbert—Schmidt weighted composition operators acting on H?(II") exist. The
answer is affirmative, and one way to get it is the following:

Example 2. Given any fized analytic selfmap ¢ of IIT, let

14 6(w)
The operators T(;w and Cy, are unitarily equivalent (where, as usual, ¢ denotes the
conformal conjugate of ¢ via Cayley’s transform).

w eIt (2.13)

Indeed, the fact above follows by a straightforward application of Proposition
1. Consequently, the known properties of composition operators on H? can be
used via Example 2, to provide examples of weighted composition operators on
H?(IT*) with similar properties. For instance, one can give examples of weighted
composition operators on H?(IIT) which are compact but not Hilbert—Schmidt,
essentially quasinilpotent without being power compact, and so on (see [6] and [27]
for more examples of unitarily invariant properties of composition operators on
H?).
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2.2. Invertible and isometric operators. The general boundedness criteria for
weighted composition operators on H? are not easy to apply, since they are often in
terms of Carleson measures [4], [20], but checking that a given measure is Carleson
may be as challenging as finding the norm of a weighted composition operator
with the definition. In some particular cases, easier criteria can be derived. We
use them in the following to prove when certain weighted composition operators
on H?(IIT) are bounded. In the study of weighted composition isometries on H?
the notion of inner function is important. Let us recall that an analytic selfmap
of the unit disc is called inner if its radial limit function which necessarily exists
a.e. on T is unimodular a.e. Also, unimodular constant functions are considered
inner. We will say that an analytic selfmap ¢ of IIT is inner, if its conformal
conjugate ¢ is an inner function (which means that ¢ is an analytic selfmap of
II" with the property Ré(it) = 0 a.e.). A weighted composition operator Ty, 4
cannot be isometric if ¢ is not an inner function. Some of the simplest half—plane
inner functions are the conformal conjugates of the disc automorphisms (called
half-plane automorphisms). If different from the identity map, they come in three
flavors: elliptic (those fixing just one point in IIT), parabolic (those fixing exactly
one point situated on the boundary O1IT of IT*, possibly oo), and hyperbolic (those
fixing two distinct points situated on the boundary OII* of IIT). Recall that a
finite product of disc automorphisms times a unimodular constant is called a
finite Blaschke product. With this terminology we prove the following:

Theorem 4. If ¢ is an analytic selfmap of IIT, v is analytic on IIT, and @, the
conformal conjugate of ¢, is a finite Blaschke product, then Ty 4 is bounded if and
only if the function

(w+1)ip(w)

14+ ¢(w)

is bounded. A weighted composition operator Ty 4 on H2(IT") is invertible if and
only if ¢ is a half-plane automorphism and the function F is both bounded and
bounded away from 0. The operator Ty, s on H*(IIT) is a Fredholm operator if and
only if it is invertible.

Proof. Let 1 be the function in (2.1). Then, by Proposition 1, T, 4 is bounded if
and only if the operator Tlfmp is bounded. Now according to [23, Theorem 6], the

F(w) = we It (2.14)

operator Ty  is bounded if and only if ¥ is a bounded analytic function on the

unit disc. By an easy computation, one can see that the range of 1 is the same as
the range of F.

The operator Ty ¢ is invertible if and only if the operator Tl/;’ o is invertible.
According to [13, Theorem 2.0.1], the later fact happens if and only if ¢ is a disc
automorphism and 7,/; is both bounded and bounded away from 0, that is ¢ must
be a half-plane automorphism and the function F' must be bounded and bounded
away from 0.

Operator Ty 4 is Fredholm if and only if the operator le,v is Fredholm. Accord-
ing to [18, Theorem 3.5], T} , is Fredholm if and only if ¢ is a disc automorphism
and the multiplication operator MJ} is a Fredholm operator. Now a multiplication
operator M, on H? is Fredholm if and only if M, is invertible, that is if and only if
u is both bounded and bounded away from zero. Indeed u must be bounded since
M, needs to be a bounded operator. Also u needs to be bounded away from zero in
order that M, be Fredholm. Indeed, if arguing by contradiction one assumes M,
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is Fredholm, although u is not bounded away from zwero, one gets a contradiction,
as follows. In that case, M, is not invertible and so, the spectrum o(M,,) of M,,
equals the closure of the range of u, which is the closure of a nonempty open subset
of the complex plane (in the interesting case when u # 0), and 0 € o(M,) . Such
a set cannot be the spectrum of a Fredholm operator, since those operators are
invertible modulo the compact operators and so, by Weyl’s theorem ([16, Problem
143]), their spectrum can differ from the spectrum of an invertible operator, by
containing 0 and some eigenvalues. But if u is not constant, M, has no eigenvalues,
which is very easy to check. One obtains a contradiction, which ends the proof. [

Corollary 3. If ¢(c0) = 00, ¢'(00) < 00, and ||1)]e < o0, then Ty 4 is bounded.
If ¢ is a half-plane automorphism with property ¢(co) = oo, then Ty 4 is bounded
if and only if ¢ is a bounded analytic function.

Indeed, if ¢(c0) = 00, ¢'(00) < oo, and [|¢)||ec < o0, then by Theorem 1 and
Corollary 1, operators Cy and My, are bounded and so Ty, 4 = MyCy is bounded. In
case ¢ is a half-plane automorphism with property ¢(co) = oo and Ty 4 is bounded,
then the map F' in (2.14) is bounded, hence the map ¥ oy(2)(1 —¢(2))/(1—2) is a
bounded analytic map on U. Given that ¢, the conformal conjugate of ¢, is a disc
automorphism fixing 1, the map (1 — ¢(z))/(1 — 2) is both bounded and bounded
away from 0. Thus 1) o~ is a bounded analytic function and so, ||¢)|| < 0.

An easy example of isometric weighted composition operator on H2(IIT) is the
following:

Example 3. If |¢(it)] = 1 a.e. and ¢ is inner, ¢(c0) = oo, and ¢'(c0) = 1, then
Ty, 1s isometric.

Indeed, this author proved that Cy is isometric on H 2(I1*) if and only if ¢ has
the properties above [23]. On the other hand, if |¢(it)] = 1 a.e., then My is also
isometric, and clearly, Ty, = MyCl.

If 4 is constant, then T}, 4 is unitary if and only if that constant is unimodular
and ¢ is either the identity or a parabolic or hyperbolic automorphism fixing oo
[25]. If we allow ¢ to be nonconstant, the situation changes. More formally, we can
prove:

Theorem 5. The unitary weighted composition operators Ty » on H*(IIT) are
those induced by half-plane automorphisms ¢ paired with weight symbols 1 having
the following form:

Y(w) = cmm we T, (2.15)

where c is any unimodular constant and q = ¢~1(1).
If ¢ is a half-plane automorphism, then Ty 4 is an isometry acting on H?(IIT)
if and only if, 1 has the form

Y(w) = Rqu(w)
where u is an analtic function on IIT, unimodular a.e. on the imaginary axis, and
g=¢""(1).

Proof. Using the same notation as in Proposition 1, one has that T 4 is unitary if
and only if TJ, o is unitary. According to [3], the latter fact is equivalent to ¢ being

1+ o(w)

o wellT, (2.16)
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a disc automorphism paired with a function of type

sy ey/1—|pP?
Y(z) = 13,
— Dz
where p = ¢71(0) = (¢71(1) — 1)/(¢7*(1) + 1) and |¢| = 1. By a straightforward
computation, one gets that the above means that w must have form

CVI_@P1+¢ we It (2.17)

z €U,

P(w) =

where ¢ is any unimodular constant and p = (q —1)/(g + 1), which means 1 has
form (2.15). Indeed, note that, one must have that

1 v/1—|p|? 1

Y(w) W _ ¢ 7|p| (w+7) welr,
o(w) +1 1+p+w(l—-p)

hence (2.17) must hold. One the other hand, the equality

N

14+p 144
is valid as well. Thus T 4 is unitary if and only if

) — LDV 15 0(w)
l+q  TH+w
holds, that is if and only if (2.15) holds (since |(1+q)/|1 +¢|| = 1).
Operator Ty, 4 is isometric if and only if Ty, is isometric and ¢ is a half- plane
automorphism if and only if ¢ is a disc automorphlsm On the other hand, T
isometric if and only if representable as T~ = M,U where v is an inner functlon

weIIt,

on the unit disc, M, the (necessarily 1sometrlc) multiplication operator induced by
it, and U a unitary, weighted composition operator on H?, [24, Theorem 10]. On
the other hand, two nonzero weighted composition operators on H?, say Ty, and
Ty 00, are equal if and only if ¥ = ¢ and 1 = 9, a fact that follows easily from
the necessary equalities

Yy = TT/)1,501(1) = T#Jzﬁpz(l) =1
and
Y101 = Ty, 0 (2) = Ty 05 (2) = 202
Therefore, ¢) must have the form

~ cy/1—|p|?
Y= 11(,2')77IM zelU
1—-pz
where v is inner and ¢(p) = 0. By our computations above, that fact happens if
and only if ¢ has form (2.16) with u = v o y~!, an analytic function on IT*, which
is unimodular a.e. on the imaginary axis.
|

To give an example, note that:

Remark 1. If ¢ is an elliptic half-plane automorphism, fizing 1, Cy is unbounded,
but

T 1+o(w) @

I+w
is unitary (where ¢ is any unimodular constant).



WEIGHTED COMPOSITION OPERATORS 11

Unitary operators are onto isometries. This author proved that a composition
operator on H2(II") is isometric if and only if it is induced by an inner function
¢ fixing oo and having property ¢'(c0) = 1, [23, Proposition 4]. Recent results of
this author make easy characterizing the isometric weighted composition operators
on H?(IT") as follows:

Theorem 6. In order that Ty 4 be an isometric weighted composition operator on
H?2(II*) it is necessary that ¢ be inner and /(1 + ¢) have norm 1. Assuming
that the previous necessary conditions hold, then Ty 4 is isometric if and only if the
following condition holds

Y (it)|? )
[ = s [ PO A e x—omn) ver @y

where L denotes the set of Lebesgue measurable subsets of R. If ¢ is inner and
Y is unimodular a.e. on the imaginary axis, then Ty 4 is isometric if and only if

o(1) = 1.

Proof. Let ¢ and 1; be the same functions as in Proposition 1. By Proposition 1,
Ty, is isometric if and only if Ty  is isometric, so by [24, Theorem 4], ¢ needs
to be inner and hence, ¢ must be inner too. On the other hand, f(w) = 1-%11; is a
norm one function in H2(II'"), and so, if Ty, 4 is isometric, then Ty 4 f = ¢ must
have norm 1 as well.

Now, if ¢ is inner and /(1 + ¢) has norm 1, then, according to [24, Theorem

5], Ty, is isometric if and only if

B2 dm, — _ dm(u) _ -1
/X|’(/J| d /XP(go(O),ga(u)) X=p (V) YelLl. (2.19)

where P(z,u), z € U, u € T is the usual Poisson kernel, dm = df/2x, and £ denotes
the set of Lebesgue measurable subsets of T.
If X =@ 1(Y), for some Y € L, then, by a straightforward computation, one

obtains that -
/ || dm = l/ _wGOF S dt. (2.20)
X T Jo-1((vy) 11+ @(it)]

Indeed, recall the change of measure formula dm = dt/(m(1+%)) and the identities
P(z) =Y oy(2)(1 —p(2))/(1 —z), and ¢ =y opory~ L. Based on those equalities,
one can write, (using notation Tg for the characteristic function of set S):

[ poam = [ oo |2

1+t2 dt
- Dy
WO R T T

which proves that (2.20) holds. Let X and Y be as above. We claim that

dmfw)___ __1 I6(1) = ot
/X P(9(0), p(uw)) — mRe(1) /¢1(~/(Y)) e (2.21)

Once the above claim is proved, (2.19), (2.20), and (2.21) combine into showing
that T, 4 is isometric if and only if (2.18) holds, since v induces a bijection between

L and L.

‘ 0V g-109(v) 0y dm =
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To prove (2.21), note that

_dmy) 1N g
/)CP(W(O)a¢(U))_/E<P(<p(0),<p(u)) v ) v (Yx 0v™") oy dm(u)
P(1)—1 qb(z't)—l‘g

/ 61 — st dt 1 / (1) — o(t)*
6=1(v(V) 601 ’2 m(L+82)  aRG(1) Jy-140y) 14T

)—1
L= 5o

Finally, if ¢ is inner and 4 is unimodular a.e. on the imaginary axis, then both
¢ and 1 are inner and so, Ty , is isometric if and only if ©(0) = 0, [24, Theorem
5]. By Proposition 1, Ty 4 is isometric if and only if ¢(0) = 0, which is equivalent
to ¢(1) = 1. O

As an interesting fact, observe that:

Remark 2. If [¢(it)| = 1 a.e., ¢ is an inner selfmap of 1T, not the identity or
an elliptic automorphism, and ¢(1) = 1, then Ty 4 is isometric but Cy is either
unbounded or bounded, but not an isometry.

Indeed, if ¢ does not fix the point at infinity having a finite angular derivative
there, Cy is unbounded. Else, Cy is bounded, but ¢'(c0) > 1 and so, Cy cannot
be isometric [23, Proposition 4]. The inequality ¢’'(co) > 1 is a consequence of the
Denjoy—Wolff theorem and the fact that ¢ fixes a point in IIT. For the aforemen-
tioned theorem, the reader is referred to [6], [27], or Theorem 15 in the current
paper.

In the following, we will mention the so called, Wold decomposition of an isom-
etry. We recall that a Hilbert space isometry V is called a forward unilateral shift
if the sequence {V*"} tends strongly to 0. Given any Hilbert space isometry V/
acting on some space H, there is a unique associated direct sum decomposition
H = Hy ® H; so that V|Hy is unitary and V|H; is a unilateral forward shift (with
the understanding that the first or second subspace in the aforementioned direct
sum, may be null). This direct sum decomposition is called the Wold decomposition
of V.

We will consider in the following the situation of analytic selfmaps of II™ having a
fixed point. Relative to that situation, it is useful to record the following technical
result.

Lemma 1. Assume the maps ¢, ¥, @, and v are related as in Proposition 1, and
o(p) = p for some p € IIT. Then

Y(q) =(p) and ¢'(p) = ¢ (q)

where
_p-l
=
Proof. The proof is left to the reader, being a straightforward computation with
the maps ¢, 1, ¢, and . |

We saw that elliptic automorphisms ¢ of II™ can induce unitary weighted com-
position operators T 4 if paired with the right kind of function 1. More generally:
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Theorem 7. If ¢ fizes a point p € II" and Ty, 4 is a contraction, then necessarily
|¥(p)| < 1. If the isometric weighted composition operator Ty, o is induced by some
(necessarily inner) ¢ fizing p € T then 1 must have the form

Pt ow)

— w eI, (2.22)
p+w

b(w) =
where |c| = 1, and all Ty 4 induced by some inner function ¢ fizing p € IIT,
paired with ¥ of form (2.22) are isometric operators. Those operators are unilateral
forward shifts if and only |(p)| < 1. If |[¥(p)| = 1 then Ty 4 is either unitary or
is representable as the direct sum of a rank-one unitary operator acting on the
subspace of H*(IIT) spanned by the function 1/(p + w) and a unilateral forward

shift.

Proof. Like before, we consider the weighted composition operator T); ~ which is
unitarily equivalent to Ty 4, and is therefore a contraction. On the other hand, ¢
fixes ¢ = (p—1)/(p+1) and so, one has that [¢(q)| = [¢(p)| < 1, by [24, Proposition
1]. The operator Ty, 4 is isometric, if and only if Tlm is an isometry. Then, by [24,
Theorem 9], ¥ must have form

() = 122 ;qi(j)

where ¢ € T, which is equivalent to ¢ having form (2.22). Indeed, (2.23) holds if
and only if

z€eU, (2.23)

w+1 w+1l ¢o(w)(1-9 +1+7
————(w) =c = —
d(w)+1 pw)+1 w(l—9 +1+7
which is equivalent to (2.22).

If Ty, is isometric, then that operator is a unilateral forward shift if and only
if Ty, is such a shift, a fact that happens if and only if |1/~)(q)| = |[¢(p)|] < 1, by
24, Theorem 7]. In case [¢(q)| = |1(p)| = 1 and T 4 is isometric but not unitary,
then the Wold decomposition of the isometric operator Ty  is H? = (Span(K,)) &
(Span(K,))*, where K,(2) = 1/(1 — gz), [24, Theorem 9]. In that case, the Wold
decomposition of T, 4 is H2(II*) = (VSpan(K,)) @ (VSpan(K,))*, where V is the
unitary operator in the proof of Proposition 1. But

1 1 1

we I,

VK = = IS
o(w) 1~ " 1-qu+p °
and hence, VSpan(K,) = Span(1/(p + w)), which ends the proof. O

3. NORMAL WEIGHTED COMPOSITION OPERATORS

We already saw that weighted composition operators on H?(IT*) can be normal
(e.g. when they are unitary). Also, even unweighted composition operators on
H?(II") can be normal [25]. Here is another simple example:

Example 4. The weighted composition operator Tz ,, ¢ € C, ¢ # 0 is normal if
and only if ¢ is the identity or ¢ has the form

B(w) = 14+ dw

Imt 3.1
T o w € (3.1)
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for some finite \ € I+ (where ¢ and ¢ are related as in Example 2 and the upper
bar denotes closure).

Given that T.54
ple 2 and the well known fact that a composition operator on H? is normal if and
only if its symbol ¢ has the form ¢(2) = kz, z € U, for some constant k € U.

Relative to the terminology “finite A” used in Example 4, note that like before,
the closure of It is considered in the extended complex plane (or equivalently on
the Riemann sphere) and so, that closure contains co.

The following is a complete characterization of normal weighted composition
operators on H?(II) induced by composition symbols with a fixed point in IT.

= T} 4, the fact stated above follows immediately from Exam-

Theorem 8. A nonzero weighted composition operator Ty, 4 induced by an analytic
selfmap ¢ of IIT fizing some point p € IIT is normal if and only if ¢ has form

_ Pt+o(w)
Y(w) = CW

where ¢ is any nonzero constant in C, and ¢ is the identity or a linear fractional
map of form

we T, (3.2)

(pRp + iSp)w + [p|?
w + pRp — iSp

d(w) = we . (3.3)

where p is any finite constant in IIT.

Proof. By Proposition 1, T 4 is normal if and only if Tz/l o is normal and ¢ fixes
p € II* if and only if ¢ fixes ¢ = (p — 1)/(p + 1). Keeping all that in mind, recall
that, by [3, Theorem 10], operator Ty, o is normal if and only if ¥ has form

~ k
Y= Ck‘q Z(p (3.4)
with ¢ € C, k4(z) = 1/(1 — gz), and ¢ of form
© =y 0msoaqy (3.5)
where
aq(z) = 1q:;z zeU
6 € U, and

mes(z) =0z zeU.
Then, relative to the map 1, one can write

szwm(z)l—i@(@ 2ecU

kq o o(z) 1—=2
that is o 1( ) .
v (W — (w tw w +
Froetiw) YT e U

or equivalently
1 1-9)+1+7 1
1+é(w) w(l—9 +1+7 1+ ¢(w)
which is equivalent to (3.2).
Turning to map ¢ now, one can write

p=v0poyt=(yoazor o(yomsory o (yoaonh). (3.6)
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1

Denote m = yomgsoy~! and @ = yo a0y~ Assume first that § # 1. One has

that
1+4
1 17_6'11)4’1 +
omsory (W) = ——— well™.
gl (w) w+ I3
Hence map m must have form
1
m(w) = —PY et (3.7)
p+w
where
_1+6
L —

And so, since § can be any constant in U\ {1}, then p is any finite constant in IT+.
In the case § = 1, ¢ is the identity and hence so is ¢. Therefore T}, 4 is in that
case a multiplication operator with constant symbol, hence a scalar multiple of the
identity operator, which is obviously a normal operator.

Let us consider map « now, with the intention of finding the expression of ¢.
One can write
1+ ay(z
1—ay(z

1+q)—(14+79)z
l1-—q)+(1-79)=

onla) = ) _(
aoy(z) T

SO
1+ -1+9%T (iyw+(1+2)

= Tl (- o+ (i)

where ¢ = x 4+ ty. To find the expression of ¢ we will work matricially and note

that
iy 1+z| |p 1 1y 14+z|
1—x —wy ||l p||l—2 —diy|

{p(1x2y2)+2iy 142z + 2% + 92 ]

1—2z+22+y?> p(1—22—y?) —2iy

The consequence is that ¢ has expression
(p(1 —lgl*) + 2iSq)w + |1 + ¢|?
11— qlPw+ p(1 —[q?) — 2iSq
Since, as observed before, ¢ = (p — 1)/(p + 1), one clearly has that
Alp|®

P(w) = we Il (3.8)

4
1+¢* = J1—=q)* = , 3.9
2(|pl* + 1) o _ _4Rp 23p
1+ ==—>2, 1—|¢*= , and Q¢ = 3.10
" = =T r " = e Se=g,p (610
Equations (3.8), (3.9), and (3.10) combine into showing that

R FCx 2

o(w) = LRPESPIw A PE e (3.11)
w + pRp — iSp

]

Corollary 4. The only nonzero, normal, weighted composition operators induced
by a composition symbol ¢ with the property (1) = 1 are those described in Example
4.
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Results in [5] provide an if and only if characterization of Hermitian weighted
composition operators on H? in the case when 1, the weight symbol, is a bounded
analytic function. This seems to leave open the possibility that T3 , be Hermitian
on H? although v (which must belong to H? since Ty,»1 = 1) is an unbounded
H?-function. We wish to observe in the following that the aforementioned situation
cannot occur. More formally, we prove:

Proposition 4. In order that Ty, be Hermitian on H?, it is necessary that the
following estimate hold:
WO

e (0)]

Proof. Indeed, if T , is Hermitian, one has that

(Typol.9) = (b,9) = (1, Ty p9) = ¥(0)go(0) g€ H”.
On the other hand, if g = k. is the reproducing kernel function of index ¢, that is
k.=1/(1 —¢z), z € U, then

()l = (¢, ke)| =

which implies (3.12), since
L= lpO)] <1—-[ep(0)] <1 —2p(0)]  ce .

1lloe < 77 (3.12)

[¥(0)]
1= cp(0)]

cel,

O
We want to recall that:
Lemma 2 ([5, Corollary 2.3]). A linear fractional map of the form
bz
pl) =at
where a is a constant in U and b € R maps U into itself if and only if
—(1—a) <b< (1—a])?. (3.13)

Proposition 4, Lemma 2, and [5, Theorem 2.1] combine into proving the follow-
ing:
Corollary 5. A nonzero weighted composition operator Td; o is Hermitian on H?

if and only if the functions ¥ and @ have forms

2
= U 14
p=a+ 1 —az S (3.14)
where a € U and b € R satisfy condition (3.13) and
~ c
= 3.15
O — (3.15)

where c € R, ¢ # 0.

Indeed, by [5, Theorem 2.1], if 1/) is a bounded analytic function, then T~
normal and nonzero if and only if ¢ is an analytic selfmap of U having form (3 14)
for some a € U and b € R, (a fact which is equivalent to a and b satisfying (3.13) by
Lemma 2), and « has form (3.15). As we saw, the restriction that ¥ be bounded
is superfluous (by Proposition 4).

Based on Corollary 5, we can provide a complete characterization of the Her-
mitean weighted composition operators on H?(ITT):
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Theorem 9. A nonzero weighted composition operator Ty, 5 on H*(IIT) is Her-
mitian if and only if 1 and ¢ are maps with the following properties. The map ¢
should have form

A+ Buw

== eIt 3.16
sw =22 w (3.10)
where
A=[1+al*—b, B=1+b+2iSa—|a?*, C =1 —al* b, (3.17)
and
aelU beR, (3.18)
satisfy condition (3.13). The map ¢ must have form
1
PY(w) = +ow) we I, (3.19)

““Tra+w(l-a
where a and ¢ satisfy the conditions above, and c € R, ¢ # 0.

Proof. By Proposition 1, Ty, ,, is Hermitian if and only if 7, 3o is Hermitian. There-

fore ¢ and 1/; must satisfy the conditions in Corollary 5. The above conditions are
equivalent to the following:

¢(L:a—i-wfﬁi1 w eIt (3.20)
and
w+1 c
= eIt 3.21
Oy 1 T Toger (3:21)

for some a € U, b € R which satisfy (3.13), and some ¢ € R, ¢ # 0.

As the reader can easily check, (3.20) holds if and only if ¢ has form (3.16)
with coefficients satisfying (3.17), whereas (3.21) holds if and only if ¢ has form
(3.19). O

The previous theorem does not show explicitly which nonzero weighted compo-
sition operators induced by a composition symbol with a fixed point in II* are
Hermitian. We prefer to obtain that piece of information by using our consider-
ations on numerical ranges, rather than using Theorem 9 (see Corollary 7 in the
next section).

4. SPECTRAL PROPERTIES

Let o(T') denote the spectrum of the operator T'. The spectrum of some compact
weighted composition operators acting on H? is characterized in the following:

Theorem 10 ([12]). If Ty, is compact on H? and ¢ fives some q € U, then the
spectrum o(Ty, ) of Ty, is given by formula

o(Ty,e) = {0,9(q), ¥(0)¢ (@), () (€' (0))?, - - - . b (Q) (& (@), .- } (4.1)

The above theorem combines with Proposition 1 and Lemma 1 into proving
a very similar spectral formula for compact weighted composition operators on
H?(IT*) induced by composition symbols with a fixed point.
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Theorem 11. Assume ¢ is an analytic selfmap of IIT so that ¢(p) = p for some
p € I, 4 is analytic on II", and Ty, 4 is compact. Then

7(Ty,6) = {0,9(p), ()¢ (p), ¥ (P) (&' (0))%. -, ¥ (P) (&' (D))", .. }. (4.2)

If Ty is a (not necessarily compact), normal operator, and ¢(p) = p then

o(Ty,0) = {1(p), ¥(P)¢' (), v ()& (P))?, ... b (P)(¥' (P)",-- -}, (43)

where the upper bar denotes closure. Finally, if Ty, 4 is a unitary operator induced
by some ¢ which fizes no point in 1T, then

U’(Tw@) =T. (44)

Proof. Let the maps ¢, ¥, ¢, and 1[1 be related as in Proposition 1. Then, for-
mula (4.2) is the immediate consequence of (4.1), Lemma 1, and Proposition 1,
whereas relations (4.3) and (4.4) are consequences of Lemma 1, Proposition 1, and
[3, Proposition 11 and Theorem 7]. O

In case the composition symbol ¢ of Ty 4 is a half-plane automorphism, then
0(Ty,4) can be determined in multiple particular cases. Here are some examples.
Denote iR the set of purely imaginary numbers (i.e. the vertical axis). Recall that,
a parabolic half—plane automorhism is a conformal half-plane automorphism fixing
one point situated on IIIT = iR U {oco} and no point in IIT.

Theorem 12. Assume ¢ is a parabolic half-plane automorphism. If ¢(c0) = o0
and v is an analytic map on IIT with the property

P(s) := &]iglsw(w) exists, is finite s € iIRU{o0}, (4.5)

and there is ¢ > 0 so that
¢ < |(w)] we T, (4.6)

then Ty, ¢ is bounded and
a(Ty,6) = [$(c0)|T. (4.7)

If ¢(p) = p, but p # oo, then there is a unique it € iR so that ¢(it) = oco. If
P/ (14 ¢) is bounded away from zero, condition (4.5) holds for all s € iR\ {it}, and
L w)w)
)
then Ty, 4 is bounded and

exists and is finite, for s € {it, o0}, (4.8)

o(Ty,¢) = |1(p)|T. (4.9)

Proof. As usual, we consider the maps ¢ (the conformal conjugate of ¢) and ¢ (z) =
Poy(2)(1 —(2)/(1—2). If ¢(c0) = oo, relation (4.7) is a direct consequence of
[18, Theorem 4.3]. Indeed, ¥ is a map belonging to the disc algebra, (by (4.5)), and
hence a bounded analytic map. One should note that (1) = 1(00)¢’ (1) = (c0),
since ¢ is a parabolic disc automorphism with fixed point 1. This makes Ty o
bounded and so, T’ ¢ is bounded too and the two operators have identical spectrum
equal to 3
[Y(DIT = |1h(c0)|T,

provided that ¢ is bounded away from zero ([18, Theorem 4.3]), a fact that holds,
given (4.6).

In case ¢ fixes p # oo, relation (4.9) follows as a consequence of [18, Theorem
4.3] as well, by a rather similar proof. Indeed, by a straightforward computation,
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one establishes that the range of 1 is the same as that of (1 + w)y(w)/(1 + ¢(w)),
w € It and so, ¢ is bounded away from zero if and only if ¢/(1 4 ¢) is bounded
away from zero. Also, the necessary condition that 1/; extends by continuity to the
boundary of the unit disc is equivalent to the fact that condition (4.8) holds and

condition (4.5) is satisfied for all s € iR\ {it}. O

Next, recall that hyperbolic half-plane automorphisms are conformal automor-
phisms of II*T with two distinct fixed points, both situated on iR U {oc} and no
fixed point in IIT. If ¢ is such an automorphism and v belongs to a particular class
of analytic maps on I, then o(T) 4) is easy to find. Indeed:

Theorem 13. Let ¢ be a hyperbolic half-plane automorphism with fized points a
and B. If the analytic map v is such that ¥ /(1 + @) is bounded away from zero
and continuously extensible to IIT UiR U {oo}, then Ty, 4 is bounded and its spectral
radius r(Ty, ) is given by the formula

H(Ts.5) = max { ()] [u(8)] } | (410)

V(@) Vo' (B)
if a # 0o and B # oo. In case one of the fixed points, say «, is 0o, then the spectral
radius is

r(Ty,) = max {W(OO)I\/W(OO),

If a # 00, f # o0, and

[P (B)]
\/Wﬁ)} . (4.11)

@) _ ¥(B)| (4.12)
Voa) (B

then
U(T¢,¢) = T(T¢7¢)T. (413)

If o = 00 and |p(00)| = |[(B)|, then (4.13) holds.

Proof. The proof consists in applying [18, Theorems 4.6 and 4.8] to the operator
T@P which is unitarily equivalent to T 4 and note that, the fixed points of the
hyperbolic disc automorphism ¢ are a = vy~ !(a) and b = y~1(8). Like in Lemma
1, one has that 1)(a) = 1 () and 1(b) = 1)(3) and so, the statements in this theorem
follow by [18, Theorems 4.6 and 4.8] if a # oo, § # co. However, if o = oo, then
a = 1 and, in this case, one has that ¥(1) = t(c0)¢’(1) = t(c0)¢’(c0), which
combines with [18, Theorems 4.6] into proving formula (4.11). If the fixed points
of ¢ are finite, then formula (4.13) follows by [18, Theorem 4.8]. In order to prove
(4.13) in the particular case o = oo, it should be noted that the necessary equality
(4.12) is equivalent, in that case to

peo)l /o) = 140

V' (b)
hence to |¢(c0)| = [¥(B)], since ¢’ (a)¢’(b) = 1, an equality valid for all hyperbolic
disc automorphisms having fixed points a and b [25, Remark 3]. By [18, Theorem
4.8], this ends the proof. O

We turn now to weighted composition operators whose composition symbol is
an elliptic half-plane automorphism. If ¢ is such an automorphism, that is if its
conformal conjugate ¢ is a disc automorphism, not the identity, with one fixed point
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g € U, then let oy(2) = (¢ — 2)/(1 — Gz). This is a selfinverse disc automorphism
and, visibly, the conformal conjugate a4 0 p 0 oy of ¢ is a disc automorphism fixing
the origin, hence a rotation. Two situations arise: either that rotation is by a
root of unity, which happens if and only if there is some natural number n so that
po---0p, (n times) is the identity, but o---o¢, (n— 1) times, is not the identity,
or that rotation is not by a root of unity. Keeping all that in mind, one can use
results in [18] to determine the spectra of certain invertible weighted composition
operators whose composition symbols are elliptic automorphisms:

Theorem 14. Let ¢ be an elliptic, half-plane automorphism fizing p € IIT and
W an analytic map on T such that ¥ /(1 + ¢) is bounded away from zero and
continuously extendable to Tt UiR U {oc}. If v, the conformal conjugate of ¢ via
Cayley’s transform, is also conformally conjugated to a rotation by a unimodular
number, other than a root of unity, then Ty ¢ has circular spectrum, namely:

o(Ty.¢) = [¢(p)|T. (4.14)

Else, ¢ must be conformally conjugated to a rotation by a root of unity of order n.
In that case, denote, as usual p/— the multi—valued, complex n—th root. One has
that

0(Tps) = /(o dub 0 921 .. 9p o glr=1)(IT¥), (4.15)
where the upper bar denotes closure and ¢\¥! is the k—fold iterate of ¢.
Proof. Equality (4.14) results by applying to the unitarily equivalent operator Tj;
[18, Theorems 4.14] and Lemma 1.

For the case when ¢ is conformally conjugated to a rotation by a root of unity
of order n now, [18, Theorem 4.11] says that

U(le}’(p) = T\L/(zzquogm/;ow[ﬂ ,“&Ow[nﬂ])(w). (4.16)
On the other hand, one notes that

(ool PopnTl)(z) =

1 - o(2) 1—ol(z)
wov<z>ﬁwovw(z)m---

e 1—-=2 _

...1/}07090[ 1](2)71790[”71](2) =

Ppoy(2)poyop(z)...poyopnl(z) =
Pw)ypodw)...pod"Nw)  w=r(z), 2 €T,
which proves equality (4.15). O

Corollary 6. The spectrum of a unitary weighted composition operator Ty, 4 acting
on H?(ITT) with elliptic composition symbol can be circular, namely

1+p
U(Tw@) = VRq m

if the composition symbol ¢ is an elliptic half-plane automorphism fizing p, ¢ =
¢~ 1(1), and the conformal conjugate o of ¢ is not a map conformally conjugated to
a rotation by a root of 1. In case p is a map conformally conjugated to a rotation

"]I‘ (4.17)



WEIGHTED COMPOSITION OPERATORS 21

by a root of 1 of order n > 2, then let G,, be the subgroup of T generated by that
root of unity. One has that

0(Ty,p) = cGn (4.18)

for some unimodular constant c.

Indeed, equality (4.17) is an immediate consequence of Theorem 14 and relation
(2.15). In the case when ¢ is a map conformally conjugated to a rotation by a
root of 1 of order n > 2, the map under the radical sign in formula (4.15), must
be a unimodular constant, since the spectrum of a unitary operator is a nonempty
compact subset of the unit circle and hence, it cannot be a set with interior points.
Thus o (T, 4) must have form (4.18).

Given that isometric weighted composition operators were studied in previous
sections (see e.g. Theorems 6, 7), we wish to note the following, as a last remark
about their spectra:

Remark 3. By the Wold decomposition theorem and the well known fact that the
spectrum of a forward shift is the closed unit disc, the spectrum of Ty 4 equals that
disc in case Ty ¢ is a non-unitary isometry.

As we know, the closure of the numerical rage of an operator is a superset
of the convex hull of its spectrum [16]. Prior to recording the numerical range
computations for weighted composition operators, which can be obtained from the
literature via Proposition 1, we need to recall a classical function theory theorem,
very useful for those who study composition operators. It is called, the Denjoy—
Wolff theorem and the reader is referred to [6] or [27] for it.

Theorem 15 (Denjoy—Wolff). The iterates of an analytic selfmap ¢ of U other than
the identity or an elliptic disc automorphism converge uniformly on the compact
subsets of U to a a point p necessarily situated in the closure of U.

We refer to p as the Denjoy—Wolff point of ¢. If p € T, then the angular derivative
¢©'(p) of ¢ at p must exist, be a real, positive, number, and satisfy ¢'(p) < 1.
Inspired from the properties of conformal disc automorphisms, the maps ¢ with
property ¢’(p) < 1 are called maps of hyperbolic type, whereas those with property
¢©'(p) = 1 are called maps of parabolic type.

With this terminology, we can summarize in the following some computations of
numerical ranges of weighted composition operators on H?(IIT).

Theorem 16. Let Ty ¢ be a bounded weighted composition operator on H2(ITT).
Then:
(a) If Ty is a non—unitary isometric composition operator, induced by some

inner ¢ fizing some p € I, then
W(Tye)=U if |¥(p)| <1, (4.19)

and

W(Tye) ={o@}ul if  [pp)]=1 (4.20)

(b)  If Ty 4 is bounded and ¢ is an inner function of parabolic automorphic
or of hyperbolic type, then W(Ty 4) is a circular disc centered at the origin. In
particular, all isometric weighted composition operators whose composition symbol
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is an inner function of parabolic automorphic or of hyperbolic type, have numerical
range equal to U.

(¢)  If Ty,4 is unitary, ¢ has a fized point p € II'T and ¢'(p) is not a root of
unity, then W(Ty 4) is the union of U and a countable dense subset of T, more
exactly

W(Tye) = UU ()@ @) n=0,1,2,3,...). (121)
If ¢ (p) is a root of unity of order n > 2, then
W(Ty,p) = ¥(p)Pa (4.22)

where P, is the regular, closed polygonal region (boundary, plus interior), with
n sides, inscribed in the unit circle and having a verter at 1. If n = 2, then

W(Ty,s) = ¥(p)[-1,1].
(d) If Ty,s is normal, but not unitary and ¢, not the identity, has a fized

point p € ITT, then W (Ty,4) is a closed convex polygonal region or a line segment.
More formally, if ¢'(p) is not a real number, then W(Ty 4) is a closed, conves,

polygonal region whose vertices form a finite subset of the set {1(p)(¢'(p))" : n =
0,1,2,3,...}. If ¢'(p) is a real number, then
W(Tye) =v)¢' ()1 if ¢'(p)<0 (4.23)
respectively
W(Ty,e) =4®)(0,1] if ¢'(p)>0. (4.24)

(e)  If Ty, is normal and ¢, not the identity, has a fized point p € II'", then
Ty, is Hermitian if and only if 1(p) and ¢'(p) are real numbers and, in that case
W (Ty.e) is given by (4.23) and (4.24).

Proof. In case (a), equation (4.19) is a direct consequence of Proposition 1, [24,
Theorem 8], Lemma 1, and the well known fact that the numerical range of a
forward shift equals U, whereas equality (4.20) is a consequence of Proposition 1,
[24, Theorem 13], and Lemma 1.

The statements in (b) are direct consequences of Proposition 1 and [24, Theorem
15]. The statements ¢ is an inner function of parabolic or of hyperbolic type mean,
of course, that the conformal conjugate ¢ of ¢ is an inner function of parabolic
respectively of hyperbolic type. By parabolic automorphic type, we mean that ¢
has separated orbits with respect to the pseudohyperbolic metric. The reader is
also referred to [2] for more details on the Denjoy—Wolff theorem and the notions
related to it.

In order to prove (c¢) now, note that, by Proposition 1, Lemma 1, and the proof of
3, Proposition 11], Ty  is unitarily equivalent to 1)(p)Cys(p)., acting on H?. Then
one must have that |¢(p)| = |¢'(p)| = 1, since Ty 4 is unitary and so, its spectrum
must be a subset of the unit circle, whereas ¢(p)Cy(p). is a diagonal operator with
diagonal entries {¢)(p)(¢'(p))™ : n =0,1,2,3,...}. Also, by a well known property
of numerical ranges, one has that

W (p)Cy (p)=) = V(PIW (Cor (p)2)- (4.25)

On the other hand, according to [22, Proposition 2.1], W (Cy (p).) = UU{(¢'(p))" :
n=20,1,2,3,...} if the unimodular number ¢'(p) is not a root of unity, whereas
W(Cy (p)-) is the regular, closed, polygonal region with n sides, inscribed in T and
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having a vertex at 1 if ¢/(p) is a root of unity of order n > 2. By equality (4.25),
one gets that (4.21) and (4.22) hold.

To prove (d), use an argument identical to the one used to prove (c) and [22,
Proposition 2.2].

A bounded operator is Hermitian if and only if its numerical range is a subset
of the real line. Then (e) is an immediate consequence of (c). O

As a consequence, we obtain the following characterization of Hermitian weighted
composition operators whose composition symbol has a fixed point.

Corollary 7. Letp € IIT. Then the nonzero Hermitian weighted composition oper-
ators on H?(IT") induced by selfmaps ¢ of IIT fizing p are those whose composition
symbol ¢ has form (3.3) for some real p > 0 paired with weight symbols ¥ satisfying
(3.2) for some real, nonzero constant c.

Finally, given an analytic selfmap ¢ of Ht’ let ¢ denote the selfmap of the disc,
conformally conjugated to ¢ and let ¢ and ¢ be related as in Example 2, then by
that example, one has that

o(Cy) = O’(Tq;,d)), 0.(Cy) = 06(T¢~))¢)7 and W(C,) = W(T$,¢)

where o (T) denotes the essential spectrum of the operator T'. Thus, the determi-
nation of the aforementioned sets for weighted composition operators of type 15,4
is immediate, provided it is known in the case of the composition operators C,,
unitarily equivalent to them. For a good source of information about when spectra
of composition operators are known, the reader is referred to [6].
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