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WEIGHTED COMPOSITION OPERATORS ON

THE HILBERT HARDY SPACE OF A HALF–PLANE

VALENTIN MATACHE

Abstract. Operators of type f → ψf ◦φ acting on function spaces are called

weighted composition operators. If the weight function ψ is the constant func-
tion 1, then they are called composition operators. We consider weighted com-
position operators acting on the Hilbert Hardy space of a half–plane and study

compactness, boundedness, invertibility, normality, and spectral properties of
such operators.

1. Introduction

Reproducing kernel Hilbert spaces (RKHS), are Hilbert spaces H consisting of
complex valued functions on a set S, so that the point evaluation functionals are
continuous. For that reason, for each w ∈ S, there is an H–function kw (called the
reproducing kernel–function of index w), so that the, so called, reproducing identity
holds:

f(w) = ⟨f, kw⟩ f ∈ H, w ∈ S. (1.1)

The reader is referred to [1] or [16] for the basics on RKHS.
An operator Tψ,φ of type

Tψ,φf = ψf ◦ φ
acting on some function space is called a weighted composition operator. We will
refer to the functions ψ and φ as the weight symbol respectively the composition
symbol of Tψ,φ.

Weighted composition operators have been noticed for quite a while. To give an
example, Frank Forelli proved as early as 1964 that the isometries of non–Hilbert
Hardy spaces over a disc need to be special weighted composition operators [10].
Despite all that, a systematic study of weighted composition operators on spaces
of analytic functions started only about 10 years ago [12], [23]. A short collection
of interesting results were published, e.g. [3], [5], [12], [14], [18], [20], [23]. The
current paper is triggered by such papers as [20] or [8], were the underlying space is
the Hilbert Hardy space of a half–plane and some results on weighted composition
operators on that space are proved. This author noted that a primer on such
operators does not exist in the literature, [26]. This paper is intended to be such a
primer in the hope it will be a useful tool for researchers willing to study profoundly
weighted composition operators.

It is well known that, if such operators are bounded on some RKHS H consisting
of scalar valued functions on some set S, then the following equation (called the
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2 VALENTIN MATACHE

Caughran–Schwarz equality) holds, see [23, Theorem 5]:

T ∗
ψ,φkx = ψ(x)kφ(x) x ∈ S. (1.2)

As an immediate consequence, note that, if one works on a RKHS where the
null function is not a reproducing kernel function (as is the case of the two RKHS
we work with in this paper), then Tψ,ϕ is the null operator if and only if ψ = 0
and ϕ is any selfmap of the common domain of definition of the functions in the
space. Thus, to avoid this trivial situation, we will say throughout this paper: let
Tψ,ϕ be a nonzero weighted composition operator, when we want to avoid it. It
should be emphasized that, if two nonzero weighted composition operators Tψ1,ϕ1

and Tψ1,ϕ1 , acting on any of the RKHS we consider below, are equal, that fact can
happen if and only if ψ1 = ψ2 and ϕ1 = ϕ2 (see the proof of Theorem 5), and so
those operators are uniquely identified by their inducing symbols.

If ψ = 1, we call T1,φ the composition operator induced by φ (or with symbol
φ) and denote it Cφ since

Cφf = f ◦ φ f ∈ H.

Clearly, in this particular case, the Caughran–Schwarz equation looks as follows:

C∗
φkx = kφ(x) x ∈ S. (1.3)

Also, note that, if φ(z) = z is the identity function, then Tψ,φ coincides with Mψ,
the multiplication operator with symbol ψ

Mψf = ψf f ∈ H. (1.4)

We will be concerned in this paper with two RKHS, namely the Hilbert Hardy
space over the open unit disc U, a space we denote H2, and the Hilbert Hardy
space over the right open half–plane Π+, which we denote H2(Π+), with emphasis
on the latter space. It is known that H2 consists of all analytic functions on U
having square summable Maclaurin coefficients. The Hilbert norm of that space
can be described as follows:

∥f∥2 =

√√√√ ∞∑
n=0

|cn|2 = sup
0≤r<1

√∫
T
|f(ru)|2 dm(u) f(z) =

∞∑
n=0

cnz
n ∈ H2, (1.5)

where T = ∂U is the unit circle and dm = dθ/2π, the normalized arclength measure
on T.

The space H2(Π+) consists of all analytic functions on Π+ with the property

∥f∥ = sup

{√
1

π

∫ +∞

−∞
|f(x+ iy)|2 dy : x > 0

}
<∞.

The above quantity describes the Hilbert norm of H2(Π+). For the theory of Hardy
spaces, the reader is referred to [7], [11], or [17].

All composition operators on H2 are bounded and a lot of them can be compact.
The space H2(Π+) is very different. This author proved that H2(Π+) cannot
support compact composition operators [21]. Compact operators are bounded,
since they transform the unit ball of the space on which they act into a relatively
compact (hence bounded) set. Thus, it was not unusual to investigate compactness
prior to boundedness. The characterization of boundedness followed later [23],
more exactly it was proved that ϕ, an analytic selfmap of Π+, induces a bounded
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composition operator on H2(Π+) if and only if ϕ fixes the point at infinity and has
a finite angular derivative there.

More formally, let ϕ be an analytic selfmap of Π+, γ(z) = (1 + z)/(1 − z), the
Cayley transform of U onto Π+, and φ = γ−1 ◦ ϕ ◦ γ the conformal conjugate of ϕ
by Cayley’s transform and its inverse.

If the angular limit φ(1) of φ at 1 equals 1, then the angular derivative φ′(1) is
known to exist if and only if and only if

C := sup

{
ℜw

ℜϕ(w)
: w ∈ Π+

}
<∞,

in which case, the equality φ′(1) = C holds and the angular limit ϕ(∞) of ϕ at
infinity exists and satisfies the condition ϕ(∞) = ∞. For that reason, we denote
C = ϕ′(∞) and call it the angular derivative of ϕ at infinity whether finite or not.
The reader is referred to [27] for angular limits and angular derivatives.

Thus, according to [23], ϕ induces a bounded composition operator on H2(Π+),
if and only if ϕ(∞) = ∞ and ϕ′(∞) <∞. If that fact happens, then:

Theorem 1 ([9]).

∥Cϕ∥ = r(Cϕ) = ∥Cϕ∥e =
√
ϕ′(∞), (1.6)

where ∥Cϕ∥e denotes the essential norm of Cϕ.

What makes weighted composition operators worth studying in a space where
bounded unweighted composition operators are few and none are compact is, among
other things, the fact that they can be compact and the differences from the
weighted composition operators on H2 are interesting. Here are some simple ex-
amples. If Tψ,φ is bounded on H2 then ψ must belong to H2 since Tψ,φ(1) = ψ.
On the other hand if Tψ,ϕ is bounded on H2(Π+), then it does not follow that
ψ ∈ H2(Π+), which is easy to see, since T1,ϕ = Cϕ, but 1 /∈ H2(Π+). Nevertheless,
Corollary 2 provides a large class of compact operators Tψ,ϕ on H2(Π+) with the
properties ψ ∈ H2(Π+) and Cϕ is unbounded. The class of bounded weighted com-
position operators on H2(Π+) contains a “unitarily equivalent copy” of the class of
composition operators on H2 (Example 2), which can be used to address unitarily
invariant properties of weighted composition operators on H2(Π+), by reducing
them to the similar properties of the (intensely investigated), composition opera-
tors on H2. A weighted composition operator Tψ,ϕ on H2(Π+) can be isometric
although the composition operator Cϕ is unbounded, or bounded, but not isometric
(Remark 2).

In this introductory section, we chose to introduce notation and the main con-
cepts. Also, we will briefly describe the results contained by the next sections.
In section 2 we address the questions of when weighted composition operators on
H2(Π+) are compact, and more generally, bounded, providing necessary or suffi-
cient conditions for boundedness or compactness (Propositions 2, 3, Theorems 2,
3, 4). We also study when such operators are invertible (Theorem 4), or isometric
(Theorems 6, 7). Invertible isometries are called unitary operators. Such operators
are characterized in Theorem 5. Unitary operators are normal. The study of normal
weighted composition operators on H2(Π+) is mainly done in section 3. Section 4 is
dedicated to the study of spectral properties of weighted composition operators act-
ing on H2(Π+) and the description of numerical ranges. Recall that the numerical
range W (T ) of a Hilbert space operator T is the set W (T ) = {⟨Tx, x⟩ : ∥x∥ = 1},
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(see [16] for more on numerical ranges). Throughout this paper, the notation ∥ ∥∞
designates the supremum norm.

2. Boundedness and compactness

There has been some work on understanding weighted composition operators on
H2. One can obtain information on those acting on H2(Π+) using that work and
the following:

Proposition 1. Let ϕ be an analytic selfmap of Π+ and ψ an analytic map on
the same set. Let φ = γ−1 ◦ ϕ ◦ γ be the conformal conjugate of ϕ by the Cayley
transform and its inverse. Finally, denote by ψ̃ the map

ψ̃(z) = ψ ◦ γ(z)1− φ(z)

1− z
z ∈ U. (2.1)

Then the operators Tψ,ϕ and Tψ̃,φ are unitarily equivalent.

Proof. The following are two unitary operators between the spacesH2 andH2(Π+),
which are inverse to each other:

Uf :=
2g(z)

1− z
f ∈ H2(Π+), g(z) = f

(
1 + z

1− z

)
, z ∈ U

and

V g :=
f(w)

1 + w
g ∈ H2, f(w) = g

(
w − 1

w + 1

)
, w ∈ Π+.

To see these operators are isometric, recall that the way to transform dm = dθ/2π,
the normalized arclength measure, into dt, the Lebesgue measure on the vertical
axis is

dθ

2π
=

dt

π(1 + t2)
(2.2)

(see [17, page 243]). Therefore

∥V g∥22 =

∫ +∞

−∞

1

|1 + it|2

∣∣∣∣g( it− 1

it+ 1

)∣∣∣∣2 dtπ =

∫ π

−π
|g(eiθ)|2 dθ

2π

and so, V is isometric from H2(Π+) into H2 and it is easy to check that V and U
are each other’s inverse. A routine computation shows that UTψ,ϕV = Tψ̃,φ. �

As a fast application, we record the following consequence:

Corollary 1. If ψ is an analytic map on Π+ then Mψ, the multiplication operator
induced by ψ, is bounded on H2(Π+) if and only if ψ is a bounded analytic function,
and, in that case, the spectrum of Mψ is the closure of the range of ψ and the
numerical range of the same operator equals the range of ψ.

Indeed, using the same notations as in Proposition 1, let ϕ be the identity of
Π+, hence φ is the identity of U and so, by Proposition 1, Mψ̃ = Tψ̃,φ is unitarily
equivalent to Tψ,ϕ =Mψ so, the boundedness and descriptions of the spectrum and
numerical range of Mψ follow from the corresponding properties of multiplication
operators acting on H2, which are well known (see [19] for the numerical range).

Easy necessary conditions for the boundedness, respectively compactness, of
weighted composition operators are obtained by evaluating their adjoints on ker-
nel functions and using the Caughran–Schwartz equality (1.2). In the case of the
RKHS, H2(Π+), this results in the following:
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Proposition 2. Let ϕ be an analytic selfmap of Π+ and ψ a map analytic on Π+.
In order that Tψ,ϕ be bounded the following condition must hold

Mψ,ϕ := sup

{
|ψ(w)|

√
ℜw

ℜϕ(w)
: w ∈ Π+

}
<∞. (2.3)

If ψ is constant, then Tψ,ϕ is bounded if and only if condition (2.3) holds and
∥Tψ,ϕ∥ =Mψ,ϕ. In order that Tψ,ϕ be compact, the following condition must hold:

mψ,ϕ := lim sup
ℜw→0

|ψ(w)|

√
ℜw

ℜϕ(w)
= 0. (2.4)

If Tψ,ϕ is compact and ψ ̸= 0, then condition

ℜϕ(it)| > 0 a.e. (2.5)

must be satisfied.

Proof. A straightforward computation with the operators U , V and the Szegö ker-
nels

kα(z) =
1

1− αz
α, z ∈ U

which are well known to be the reproducing kernel–functions of the RKHS H2,
shows that the reproducing kernel functions of H2(Π+) are the functions

Kβ(w) =
1

2(w + β)
w, β ∈ Π+.

By the Caughran–Schwarz equation (1.2) and the reproducing property (1.1) one
can write:

Mψ,ϕ = sup

{∥T ∗
ψ,ϕKβ∥
∥Kβ∥

: β ∈ Π+

}
≤ ∥Tψ,ϕ∥. (2.6)

Thus, Mψ,ϕ must be finite if Tψ,ϕ is bounded. If Mψ,ϕ = ∥Tψ,ϕ∥, we say that Tψ,ϕ
attains its norm on kernels. As one can see from Theorem 1, this happens if ψ = 1
and hence it will be true when ψ is any constant function.

One can see that the family of normalized kernels

F =

{
Kβ

∥Kβ∥
: β ∈ Π+

}
is a family of norm bounded functions and

Kβ

∥Kβ∥ tends to 0 pointwise when ℜβ → 0.

Since, H2(Π+) is a RKHS, this means that
Kβ

∥Kβ∥ tends weakly to 0 when ℜβ → 0.

Therefore, if Tψ,ϕ is compact, then

∥T ∗
ψ,ϕKβ∥
∥Kβ∥

→ 0 if ℜβ → 0,

that is mψ,ϕ = 0.
Finally, Tψ,ϕ is compact if and only if Tψ̃,φ is compact, and ψ ̸= 0 if and only

if ψ̃ ̸= 0, where the notation in the proof of Proposition 1 is used. In that case,
condition

|φ| < 1 a.e. on T
must hold [23, Theorem 10]. Hence, given equality (2.2), condition (2.5) must be
satisfied.

�
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As we observed, the space H2(Π+) does not support compact composition oper-
ators, so a weighted composition operator Tψ,ϕ with constant symbol ψ is compact
if and only if ψ = 0 and hence Tψ,ϕ is the null operator. Nevertheless, nonzero
compact weighted composition operators on H2(Π+) do exist, as we show in the
following.

2.1. Compact operators. One approach to understanding when operators in
some class are compact is to check when they are Hilbert–Schmidt, mostly if their
action on a complete orthonormal basis of that space is easy to understand. This
is the approach followed in [23].

Theorem 2. The operator Tψ,ϕ has Hilbert–Schmidt norm ∥ ∥HS computable with
the formula:

∥Tψ,ϕ∥HS =

√
1

4π

∫ ∞

−∞

|ψ(it)|2
ℜϕ(it)

dt. (2.7)

In particular, if there is some c > 0 so that

ℜϕ(w) ≥ c w ∈ Π+ (2.8)

and ψ ∈ H2(Π+), then Tψ,ϕ is Hilbert–Schmidt (that is, the Hilbert–Schmidt norm
of Tψ,ϕ is finite).

Proof. If Tu,v is a weighted composition operator on H2, then according to [23,
Theorem 9], its Hilbert–Schmidt norm is

∥Tu,v∥HS =

√∫
T

|u|2
1− |v|2

dm. (2.9)

Let ϕ, φ, ψ, and ψ̃ be as in Proposition 1. Then, by that proposition, and (2.9),
one has that the operators Tψ,ϕ and Tψ̃,φ have the same Hilbert–Schmidt norm,
namely

∥Tψ,ϕ∥HS =

√∫
T

∣∣∣∣1− φ(u)

1− u

∣∣∣∣2 ∣∣∣∣ψ(1 + u

1− u

)∣∣∣∣2 dm(u)

1− |φ(u)|2
. (2.10)

Therefore one can write
∥Tψ,ϕ∥2HS =∫ ∞

−∞

∣∣∣∣1− ϕ(it)− 1

ϕ(it) + 1

∣∣∣∣2 ∣∣∣∣1− it− 1

it+ 1

∣∣∣∣−2

|ψ(it)|2
(
1−

∣∣∣∣ϕ(it)− 1

ϕ(it) + 1

∣∣∣∣2
)−1

dt

π(1 + t2)

=
1

π

∫ ∞

−∞

4

|1 + ϕ(it)|2
|ψ(it)|2 1 + t2

4

|1 + ϕ(it)|2

|1 + ϕ(it)|2 − |ϕ(it)− 1|2
dt

1 + t2

=
1

4π

∫ ∞

−∞

|ψ(it)|2

ℜϕ(it)
dt.

Hence (2.7) holds.
�

Corollary 2. Let ψ ∈ H2(Π+) and let ϕ be a bounded analytic selfmap of Π+, so
that the closure of ϕ(Π+) is a subset of Π+. Then Tψ,ϕ is Hilbert-Schmidt (and
hence bounded), but Cϕ is unbounded.

Indeed, condition (2.8) is satisfied, but ϕ(∞) ̸= ∞. Relative to the situation in
Corollary 2, let us note that:
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Proposition 3. If Tψ,ϕ is bounded, then ψ/(1 + ϕ) ∈ H2(Π+). In particular, if
ϕ is a bounded analytic selfmap of Π+, ψ is analytic on Π+, and Tψ,ϕ is bounded,
then ψ must belong to H2(Π+).

Proof. Indeed, it is known that the function 1/(1 + w) is in H2(Π+) (since 1/(1 +
w) = 2K1), so, if Tψ,ϕ is bounded, then Tψ,φ(1/(1+w)) = ψ/(1+ ϕ) ∈ H2(Π+). If
ϕ is bounded, then there is some c > 0 so that

|ψ| ≤ c
|ψ|

|1 + ϕ|
which ends the proof. �
Theorem 3. If ψ/(1 + ϕ) ∈ H2(Π+) and

lim
δ→0+

(
ess sup

{
|ψ(it)|2(1 + t2)

|1 + ϕ(it)|2
: t ∈ R ,

|ϕ(it)− 1|
|ϕ(it) + 1|

≥ 1− δ

})
= 0, (2.11)

then Tψ,ϕ is compact.

Proof. Operator Tψ,ϕ is compact if and only if the unitarily equivalent operator
Tψ̃,φ is compact, where the same notations as in Proposition 1 are used. By [23,

Theorem 12], the later operator is compact if ψ̃ ∈ H2 and the following condition
holds

lim
δ→0+

(
ess sup

{
|ψ̃(ζ)|2 : ζ ∈ T , |φ(ζ)| ≥ 1− δ

})
= 0. (2.12)

As one can easily check, V ψ̃ = ψ/(1 + ϕ) and so, ψ/(1 + ϕ) ∈ H2(Π+) if and

only if ψ̃ ∈ H2.
In that case, it is easy to see condition (2.11) holds if and only if (2.12) holds.

�
To give a simple example:

Example 1. Let ψ(w) = 1
w+1 and ϕ(w) = w + 1, w ∈ Π+. One can easily check

Tψ,ϕ satisfies the condition in Theorem 3 and is therefore compact, but Cϕ is not
compact because it is bounded, since ϕ(∞) = ∞ and ϕ′(∞) = 1 <∞.

It is equally easy to check that the operator in the above example is actually
Hilbert–Schmidt by Theorem 2, so the immediate question would be if compact,
non–Hilbert–Schmidt weighted composition operators acting on H2(Π+) exist. The
answer is affirmative, and one way to get it is the following:

Example 2. Given any fixed analytic selfmap ϕ of Π+, let

ϕ̃(w) =
1 + ϕ(w)

1 + w
w ∈ Π+. (2.13)

The operators Tϕ̃,ϕ and Cφ are unitarily equivalent (where, as usual, φ denotes the

conformal conjugate of ϕ via Cayley’s transform).

Indeed, the fact above follows by a straightforward application of Proposition
1. Consequently, the known properties of composition operators on H2 can be
used via Example 2, to provide examples of weighted composition operators on
H2(Π+) with similar properties. For instance, one can give examples of weighted
composition operators on H2(Π+) which are compact but not Hilbert–Schmidt,
essentially quasinilpotent without being power compact, and so on (see [6] and [27]
for more examples of unitarily invariant properties of composition operators on
H2).
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2.2. Invertible and isometric operators. The general boundedness criteria for
weighted composition operators on H2 are not easy to apply, since they are often in
terms of Carleson measures [4], [20], but checking that a given measure is Carleson
may be as challenging as finding the norm of a weighted composition operator
with the definition. In some particular cases, easier criteria can be derived. We
use them in the following to prove when certain weighted composition operators
on H2(Π+) are bounded. In the study of weighted composition isometries on H2

the notion of inner function is important. Let us recall that an analytic selfmap
of the unit disc is called inner if its radial limit function which necessarily exists
a.e. on T is unimodular a.e. Also, unimodular constant functions are considered
inner. We will say that an analytic selfmap ϕ of Π+ is inner, if its conformal
conjugate φ is an inner function (which means that ϕ is an analytic selfmap of
Π+ with the property ℜϕ(it) = 0 a.e.). A weighted composition operator Tψ,ϕ
cannot be isometric if ϕ is not an inner function. Some of the simplest half–plane
inner functions are the conformal conjugates of the disc automorphisms (called
half–plane automorphisms). If different from the identity map, they come in three
flavors: elliptic (those fixing just one point in Π+), parabolic (those fixing exactly
one point situated on the boundary ∂Π+ of Π+, possibly ∞), and hyperbolic (those
fixing two distinct points situated on the boundary ∂Π+ of Π+). Recall that a
finite product of disc automorphisms times a unimodular constant is called a
finite Blaschke product. With this terminology we prove the following:

Theorem 4. If ϕ is an analytic selfmap of Π+, ψ is analytic on Π+, and φ, the
conformal conjugate of ϕ, is a finite Blaschke product, then Tψ,ϕ is bounded if and
only if the function

F (w) :=
(w + 1)ψ(w)

1 + ϕ(w)
w ∈ Π+ (2.14)

is bounded. A weighted composition operator Tψ,ϕ on H2(Π+) is invertible if and
only if ϕ is a half–plane automorphism and the function F is both bounded and
bounded away from 0. The operator Tψ,ϕ on H2(Π+) is a Fredholm operator if and
only if it is invertible.

Proof. Let ψ̃ be the function in (2.1). Then, by Proposition 1, Tψ,ϕ is bounded if
and only if the operator Tψ̃,φ is bounded. Now according to [23, Theorem 6], the

operator Tψ̃,φ is bounded if and only if ψ̃ is a bounded analytic function on the

unit disc. By an easy computation, one can see that the range of ψ̃ is the same as
the range of F .

The operator Tψ,ϕ is invertible if and only if the operator Tψ̃,φ is invertible.

According to [13, Theorem 2.0.1], the later fact happens if and only if φ is a disc

automorphism and ψ̃ is both bounded and bounded away from 0, that is ϕ must
be a half–plane automorphism and the function F must be bounded and bounded
away from 0.

Operator Tψ,ϕ is Fredholm if and only if the operator Tψ̃,φ is Fredholm. Accord-

ing to [18, Theorem 3.5], Tψ̃,φ is Fredholm if and only if φ is a disc automorphism
and the multiplication operator Mψ̃ is a Fredholm operator. Now a multiplication

operator Mu on H2 is Fredholm if and only if Mu is invertible, that is if and only if
u is both bounded and bounded away from zero. Indeed u must be bounded since
Mu needs to be a bounded operator. Also u needs to be bounded away from zero in
order that Mu be Fredholm. Indeed, if arguing by contradiction one assumes Mu
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is Fredholm, although u is not bounded away from zwero, one gets a contradiction,
as follows. In that case, Mu is not invertible and so, the spectrum σ(Mu) of Mu,
equals the closure of the range of u, which is the closure of a nonempty open subset
of the complex plane (in the interesting case when u ̸= 0), and 0 ∈ σ(Mu) . Such
a set cannot be the spectrum of a Fredholm operator, since those operators are
invertible modulo the compact operators and so, by Weyl’s theorem ([16, Problem
143]), their spectrum can differ from the spectrum of an invertible operator, by
containing 0 and some eigenvalues. But if u is not constant, Mu has no eigenvalues,
which is very easy to check. One obtains a contradiction, which ends the proof. �

Corollary 3. If ϕ(∞) = ∞, ϕ′(∞) < ∞, and ∥ψ∥∞ < ∞, then Tψ,ϕ is bounded.
If ϕ is a half–plane automorphism with property ϕ(∞) = ∞, then Tψ,ϕ is bounded
if and only if ψ is a bounded analytic function.

Indeed, if ϕ(∞) = ∞, ϕ′(∞) < ∞, and ∥ψ∥∞ < ∞, then by Theorem 1 and
Corollary 1, operators Cϕ andMψ are bounded and so Tψ,ϕ =MψCϕ is bounded. In
case ϕ is a half–plane automorphism with property ϕ(∞) = ∞ and Tψ,ϕ is bounded,
then the map F in (2.14) is bounded, hence the map ψ ◦ γ(z)(1−φ(z))/(1− z) is a
bounded analytic map on U. Given that φ, the conformal conjugate of ϕ, is a disc
automorphism fixing 1, the map (1− φ(z))/(1− z) is both bounded and bounded
away from 0. Thus ψ ◦ γ is a bounded analytic function and so, ∥ψ∥∞ <∞.

An easy example of isometric weighted composition operator on H2(Π+) is the
following:

Example 3. If |ψ(it)| = 1 a.e. and ϕ is inner, ϕ(∞) = ∞, and ϕ′(∞) = 1, then
Tψ,ϕ is isometric.

Indeed, this author proved that Cϕ is isometric on H2(Π+) if and only if ϕ has
the properties above [23]. On the other hand, if |ψ(it)| = 1 a.e., then Mψ is also
isometric, and clearly, Tψ,ϕ =MψCϕ.

If ψ is constant, then Tψ,ϕ is unitary if and only if that constant is unimodular
and ϕ is either the identity or a parabolic or hyperbolic automorphism fixing ∞
[25]. If we allow ψ to be nonconstant, the situation changes. More formally, we can
prove:

Theorem 5. The unitary weighted composition operators Tψ,ϕ on H2(Π+) are
those induced by half–plane automorphisms ϕ paired with weight symbols ψ having
the following form:

ψ(w) = c
√
ℜq 1 + ϕ(w)

q + w
w ∈ Π+, (2.15)

where c is any unimodular constant and q = ϕ−1(1).
If ϕ is a half–plane automorphism, then Tψ,ϕ is an isometry acting on H2(Π+)

if and only if, ψ has the form

ψ(w) =
√
ℜq u(w)1 + ϕ(w)

q + w
w ∈ Π+, (2.16)

where u is an analtic function on Π+, unimodular a.e. on the imaginary axis, and
q = ϕ−1(1).

Proof. Using the same notation as in Proposition 1, one has that Tψ,ϕ is unitary if
and only if Tψ̃,φ is unitary. According to [3], the latter fact is equivalent to φ being
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a disc automorphism paired with a function of type

ψ̃(z) =
c
√

1− |p|2
1− pz

z ∈ U,

where p = φ−1(0) = (ϕ−1(1) − 1)/(ϕ−1(1) + 1) and |c| = 1. By a straightforward
computation, one gets that the above means that ψ must have form

ψ(w) =
c
√
1− |p|2
1 + p

1 + ϕ(w)

1− p−1
p+1w

w ∈ Π+, (2.17)

where c is any unimodular constant and p = (q − 1)/(q + 1), which means ψ has
form (2.15). Indeed, note that, one must have that

ψ(w)
w + 1

ϕ(w) + 1
=
c
√

1− |p|2(w + 1)

1 + p+ w(1− p)
w ∈ Π+,

hence (2.17) must hold. One the other hand, the equality√
1− |p|2
1 + p

=
(1 + q)

√
ℜq

|1 + q|
is valid as well. Thus Tψ,ϕ is unitary if and only if

ψ(w) = c
(1 + q)

√
ℜq

|1 + q|
1 + ϕ(w)

q + w
w ∈ Π+,

holds, that is if and only if (2.15) holds (since |(1 + q)/|1 + q|| = 1).
Operator Tψ,ϕ is isometric if and only if Tψ̃,φ is isometric and ϕ is a half–plane

automorphism if and only if φ is a disc automorphism. On the other hand, Tψ̃,φ is
isometric if and only if representable as Tψ̃,φ = MvU where v is an inner function

on the unit disc, Mv the (necessarily isometric) multiplication operator induced by
it, and U a unitary, weighted composition operator on H2, [24, Theorem 10]. On
the other hand, two nonzero weighted composition operators on H2, say Tψ1,φ1 and
Tψ2,φ2 , are equal if and only if ψ1 = ψ2 and φ1 = φ2, a fact that follows easily from
the necessary equalities

ψ1 = Tψ1,φ1(1) = Tψ2,φ2(1) = ψ2

and
ψ1φ1 = Tψ1,φ1(z) = Tψ2,φ2(z) = ψ2φ2.

Therefore, ψ̃ must have the form

ψ̃ = v(z)
c
√
1− |p|2
1− pz

z ∈ U

where v is inner and φ(p) = 0. By our computations above, that fact happens if
and only if ψ has form (2.16) with u = v ◦ γ−1, an analytic function on Π+, which
is unimodular a.e. on the imaginary axis.

�
To give an example, note that:

Remark 1. If ϕ is an elliptic half–plane automorphism, fixing 1, Cϕ is unbounded,
but

T
c
1+ϕ(w)
1+w ,ϕ

is unitary (where c is any unimodular constant).
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Unitary operators are onto isometries. This author proved that a composition
operator on H2(Π+) is isometric if and only if it is induced by an inner function
ϕ fixing ∞ and having property ϕ′(∞) = 1, [23, Proposition 4]. Recent results of
this author make easy characterizing the isometric weighted composition operators
on H2(Π+) as follows:

Theorem 6. In order that Tψ,ϕ be an isometric weighted composition operator on
H2(Π+) it is necessary that ϕ be inner and ψ/(1 + ϕ) have norm 1. Assuming
that the previous necessary conditions hold, then Tψ,ϕ is isometric if and only if the
following condition holds∫

X

|ψ(it)|2

|1 + ϕ(it)|2
dt =

1

ℜϕ(1)

∫
X

|ϕ(1)− ϕ(it)|2

1 + t2
dt X = ϕ−1(Y ) Y ∈ L, (2.18)

where L denotes the set of Lebesgue measurable subsets of R. If ϕ is inner and
ψ is unimodular a.e. on the imaginary axis, then Tψ,ϕ is isometric if and only if
ϕ(1) = 1.

Proof. Let φ and ψ̃ be the same functions as in Proposition 1. By Proposition 1,
Tψ,ϕ is isometric if and only if Tψ̃,φ is isometric, so by [24, Theorem 4], φ needs

to be inner and hence, ϕ must be inner too. On the other hand, f(w) = 1
1+w is a

norm one function in H2(Π+), and so, if Tψ,ϕ is isometric, then Tψ,ϕf = ψ
1+ϕ must

have norm 1 as well.
Now, if ϕ is inner and ψ/(1 + ϕ) has norm 1, then, according to [24, Theorem

5], Tψ̃,φ is isometric if and only if∫
X

|ψ̃|2 dm =

∫
X

dm(u)

P (φ(0), φ(u))
X = φ−1(Y ) Y ∈ L̃. (2.19)

where P (z, u), z ∈ U, u ∈ T is the usual Poisson kernel, dm = dθ/2π, and L̃ denotes
the set of Lebesgue measurable subsets of T.

If X = φ−1(Y ), for some Y ∈ L̃, then, by a straightforward computation, one
obtains that ∫

X

|ψ̃|2 dm =
1

π

∫
ϕ−1(γ(Y ))

|ψ(it)|2

|1 + ϕ(it)|2
dt. (2.20)

Indeed, recall the change of measure formula dm = dt/(π(1+ t2)) and the identities

ψ̃(z) = ψ ◦ γ(z)(1− φ(z))/(1− z), and ϕ = γ ◦ φ ◦ γ−1. Based on those equalities,
one can write, (using notation ΥS for the characteristic function of set S):∫

X

|ψ̃|2 dm =

∫
T
|ψ ◦ γ|2

∣∣∣∣1− γ−1 ◦ ϕ
1− γ−1

∣∣∣∣2 ◦ γΥϕ−1◦γ(Y ) ◦ γ dm =

1

π

∫ ∞

−∞
|ψ(it)|2 1 + t2

|1 + ϕ(it)|2
Υϕ−1◦γ(Y )

dt

1 + t2
,

which proves that (2.20) holds. Let X and Y be as above. We claim that∫
X

dm(u)

P (φ(0), φ(u))
=

1

πℜϕ(1)

∫
ϕ−1(γ(Y ))

|ϕ(1)− ϕ(it)|2

1 + t2
dt. (2.21)

Once the above claim is proved, (2.19), (2.20), and (2.21) combine into showing
that Tψ,ϕ is isometric if and only if (2.18) holds, since γ induces a bijection between

L̃ and L.
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To prove (2.21), note that∫
X

dm(u)

P (φ(0), φ(u))
=

∫
T

(
1

P (φ(0), φ(u))
◦ γ−1

)
◦ γ
(
ΥX ◦ γ−1

)
◦ γ dm(u) =

∫
ϕ−1(γ(Y ))

|ϕ(1)−1
ϕ(1)+1 − ϕ(it)−1

ϕ(it)+1 |
2

1−
∣∣∣ϕ(1)−1
ϕ(1)+1

∣∣∣2
dt

π(1 + t2)
=

1

πℜϕ(1)

∫
ϕ−1(γ(Y ))

|ϕ(1)− ϕ(it)|2

1 + t2
dt.

Finally, if ϕ is inner and ψ is unimodular a.e. on the imaginary axis, then both
φ and ψ̃ are inner and so, Tψ̃,φ is isometric if and only if φ(0) = 0, [24, Theorem

5]. By Proposition 1, Tψ,ϕ is isometric if and only if φ(0) = 0, which is equivalent
to ϕ(1) = 1. �

As an interesting fact, observe that:

Remark 2. If |ψ(it)| = 1 a.e., ϕ is an inner selfmap of Π+, not the identity or
an elliptic automorphism, and ϕ(1) = 1, then Tψ,ϕ is isometric but Cϕ is either
unbounded or bounded, but not an isometry.

Indeed, if ϕ does not fix the point at infinity having a finite angular derivative
there, Cϕ is unbounded. Else, Cϕ is bounded, but ϕ′(∞) > 1 and so, Cϕ cannot
be isometric [23, Proposition 4]. The inequality ϕ′(∞) > 1 is a consequence of the
Denjoy–Wolff theorem and the fact that ϕ fixes a point in Π+. For the aforemen-
tioned theorem, the reader is referred to [6], [27], or Theorem 15 in the current
paper.

In the following, we will mention the so called, Wold decomposition of an isom-
etry. We recall that a Hilbert space isometry V is called a forward unilateral shift
if the sequence {V ∗n} tends strongly to 0. Given any Hilbert space isometry V
acting on some space H, there is a unique associated direct sum decomposition
H = H0 ⊕H1 so that V |H0 is unitary and V |H1 is a unilateral forward shift (with
the understanding that the first or second subspace in the aforementioned direct
sum, may be null). This direct sum decomposition is called the Wold decomposition
of V .

We will consider in the following the situation of analytic selfmaps of Π+ having a
fixed point. Relative to that situation, it is useful to record the following technical
result.

Lemma 1. Assume the maps ϕ, ψ, φ, and ψ̃ are related as in Proposition 1, and
ϕ(p) = p for some p ∈ Π+. Then

ψ̃(q) = ψ(p) and ϕ′(p) = φ′(q)

where

q =
p− 1

p+ 1
.

Proof. The proof is left to the reader, being a straightforward computation with
the maps ϕ, ψ, φ, and ψ̃. �

We saw that elliptic automorphisms ϕ of Π+ can induce unitary weighted com-
position operators Tψ,ϕ if paired with the right kind of function ψ. More generally:
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Theorem 7. If ϕ fixes a point p ∈ Π+ and Tψ,ϕ is a contraction, then necessarily
|ψ(p)| ≤ 1. If the isometric weighted composition operator Tψ,ϕ is induced by some
(necessarily inner) ϕ fixing p ∈ Π+ then ψ must have the form

ψ(w) = c
p+ ϕ(w)

p+ w
w ∈ Π+, (2.22)

where |c| = 1, and all Tψ,ϕ induced by some inner function ϕ fixing p ∈ Π+,
paired with ψ of form (2.22) are isometric operators. Those operators are unilateral
forward shifts if and only |ψ(p)| < 1. If |ψ(p)| = 1 then Tψ,ϕ is either unitary or
is representable as the direct sum of a rank–one unitary operator acting on the
subspace of H2(Π+) spanned by the function 1/(p + w) and a unilateral forward
shift.

Proof. Like before, we consider the weighted composition operator Tψ̃,φ which is
unitarily equivalent to Tψ,ϕ, and is therefore a contraction. On the other hand, φ

fixes q = (p−1)/(p+1) and so, one has that |ψ̃(q)| = |ψ(p)| ≤ 1, by [24, Proposition
1]. The operator Tψ,ϕ is isometric, if and only if Tψ̃,φ is an isometry. Then, by [24,

Theorem 9], ψ̃ must have form

ψ̃(z) = c
1− qφ(z)

1− qz
z ∈ U, (2.23)

where c ∈ T, which is equivalent to ψ having form (2.22). Indeed, (2.23) holds if
and only if

w + 1

ϕ(w) + 1
ψ(w) = c

w + 1

ϕ(w) + 1

ϕ(w)(1− q) + 1 + q

w(1− q) + 1 + q
w ∈ Π+,

which is equivalent to (2.22).
If Tψ,ϕ is isometric, then that operator is a unilateral forward shift if and only

if Tψ̃,φ is such a shift, a fact that happens if and only if |ψ̃(q)| = |ψ(p)| < 1, by

[24, Theorem 7]. In case |ψ̃(q)| = |ψ(p)| = 1 and Tψ,ϕ is isometric but not unitary,
then the Wold decomposition of the isometric operator Tψ̃,φ is H2 = (Span(Kq))⊕
(Span(Kq))

⊥, where Kq(z) = 1/(1 − qz), [24, Theorem 9]. In that case, the Wold
decomposition of Tψ,ϕ is H2(Π+) = (V Span(Kq))⊕ (V Span(Kq))

⊥, where V is the
unitary operator in the proof of Proposition 1. But

V Kq(w) =
1

1− qw−1
w+1

=
1

1− q

1

w + p
w ∈ Π+

and hence, V Span(Kq) = Span(1/(p+ w)), which ends the proof. �

3. Normal weighted composition operators

We already saw that weighted composition operators on H2(Π+) can be normal
(e.g. when they are unitary). Also, even unweighted composition operators on
H2(Π+) can be normal [25]. Here is another simple example:

Example 4. The weighted composition operator Tcϕ̃,ϕ, c ∈ C, c ̸= 0 is normal if
and only if ϕ is the identity or ϕ has the form

ϕ(w) =
1 + λw

λ+ w
w ∈ Π+ (3.1)
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for some finite λ ∈ Π+ (where ϕ and ϕ̃ are related as in Example 2 and the upper
bar denotes closure).

Given that Tcϕ̃,ϕ = cTϕ̃,ϕ, the fact stated above follows immediately from Exam-

ple 2 and the well known fact that a composition operator on H2 is normal if and
only if its symbol φ has the form φ(z) = kz, z ∈ U, for some constant k ∈ U.

Relative to the terminology “finite λ” used in Example 4, note that like before,
the closure of Π+ is considered in the extended complex plane (or equivalently on
the Riemann sphere) and so, that closure contains ∞.

The following is a complete characterization of normal weighted composition
operators on H2(Π+) induced by composition symbols with a fixed point in Π+.

Theorem 8. A nonzero weighted composition operator Tψ,ϕ induced by an analytic
selfmap ϕ of Π+ fixing some point p ∈ Π+ is normal if and only if ψ has form

ψ(w) = c
p+ ϕ(w)

p+ w
w ∈ Π+, (3.2)

where c is any nonzero constant in C, and ϕ is the identity or a linear fractional
map of form

ϕ(w) =
(ρℜp+ iℑp)w + |p|2

w + ρℜp− iℑp
w ∈ Π+. (3.3)

where ρ is any finite constant in Π+.

Proof. By Proposition 1, Tψ,ϕ is normal if and only if Tψ̃,φ is normal and ϕ fixes

p ∈ Π+ if and only if φ fixes q = (p − 1)/(p + 1). Keeping all that in mind, recall

that, by [3, Theorem 10], operator Tψ̃,φ is normal if and only if ψ̃ has form

ψ̃ = c
kq

kq ◦ φ
(3.4)

with c ∈ C, kq(z) = 1/(1− qz), and φ of form

φ = αq ◦mδ ◦ αq (3.5)

where

αq(z) =
q − z

1− qz
z ∈ U

δ ∈ U, and
mδ(z) = δz z ∈ U.

Then, relative to the map ψ, one can write

c
kq(z)

kq ◦ φ(z)
= ψ ◦ γ(z)1− φ(z)

1− z
z ∈ U

that is

c
kq(γ

−1(w))

kq ◦ φ(γ−1(w))
= ψ(w)

1 + w

1 + ϕ(w)
w ∈ Π+

or equivalently

c
1 + w

1 + ϕ(w)

ϕ(w)(1− q) + 1 + q

w(1− q) + 1 + q
= ψ(w)

1 + w

1 + ϕ(w)
w ∈ Π+

which is equivalent to (3.2).
Turning to map ϕ now, one can write

ϕ = γ ◦ φ ◦ γ−1 = (γ ◦ αq ◦ γ−1) ◦ (γ ◦mδ ◦ γ−1) ◦ (γ ◦ αq ◦ γ−1). (3.6)
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Denote m = γ ◦mδ ◦ γ−1 and α = γ ◦ αq ◦ γ−1. Assume first that δ ̸= 1. One has
that

γ ◦mδ ◦ γ−1(w) =
1+δ
1−δw + 1

w + 1+δ
1−δ

w ∈ Π+.

Hence map m must have form

m(w) =
1 + ρw

ρ+ w
w ∈ Π+ (3.7)

where

ρ =
1 + δ

1− δ
.

And so, since δ can be any constant in U \ {1}, then ρ is any finite constant in Π+.
In the case δ = 1, φ is the identity and hence so is ϕ. Therefore Tψ,ϕ is in that
case a multiplication operator with constant symbol, hence a scalar multiple of the
identity operator, which is obviously a normal operator.

Let us consider map α now, with the intention of finding the expression of ϕ.
One can write

α ◦ γ(z) = 1 + αq(z)

1− αq(z)
=

(1 + q)− (1 + q)z

(1− q) + (1− q)z
so

α(w) =
(1 + q)− (1 + q)w−1

w+1

(1− q) + (1− q)w−1
w+1

=
(iy)w + (1 + x)

(1− x)w + (−iy)
where q = x + iy. To find the expression of ϕ we will work matricially and note
that [

iy 1 + x
1− x −iy

] [
ρ 1
1 ρ

] [
iy 1 + x

1− x −iy

]
=[

ρ(1− x2 − y2) + 2iy 1 + 2x+ x2 + y2

1− 2x+ x2 + y2 ρ(1− x2 − y2)− 2iy

]
.

The consequence is that ϕ has expression

ϕ(w) =
(ρ(1− |q|2) + 2iℑq)w + |1 + q|2

|1− q|2w + ρ(1− |q|2)− 2iℑq
w ∈ Π+. (3.8)

Since, as observed before, q = (p− 1)/(p+ 1), one clearly has that

|1 + q|2 =
4|p|2

|1 + p|2
, |1− q|2 =

4

|1 + p|2
, (3.9)

1 + |q|2 =
2(|p|2 + 1)

|1 + p|2
, 1− |q|2 =

4ℜp
|1 + p|2

, and ℑq = 2ℑp
|1 + p|2

. (3.10)

Equations (3.8), (3.9), and (3.10) combine into showing that

ϕ(w) =
(ρℜp+ iℑp)w + |p|2

w + ρℜp− iℑp
w ∈ Π+. (3.11)

�

Corollary 4. The only nonzero, normal, weighted composition operators induced
by a composition symbol ϕ with the property ϕ(1) = 1 are those described in Example
4.
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Results in [5] provide an if and only if characterization of Hermitian weighted
composition operators on H2 in the case when ψ, the weight symbol, is a bounded
analytic function. This seems to leave open the possibility that Tψ,φ be Hermitian
on H2 although ψ (which must belong to H2 since Tψ,φ1 = ψ) is an unbounded
H2–function. We wish to observe in the following that the aforementioned situation
cannot occur. More formally, we prove:

Proposition 4. In order that Tψ,φ be Hermitian on H2, it is necessary that the
following estimate hold:

∥ψ∥∞ ≤ |ψ(0)|
1− |φ(0)|

. (3.12)

Proof. Indeed, if Tψ,φ is Hermitian, one has that

⟨Tψ,φ1, g⟩ = ⟨ψ, g⟩ = ⟨1, Tψ,φg⟩ = ψ(0)g ◦ φ(0) g ∈ H2.

On the other hand, if g = kc is the reproducing kernel function of index c, that is
kc = 1/(1− cz), z ∈ U, then

|ψ(c)| = |⟨ψ, kc⟩| =
|ψ(0)|

|1− cφ(0)|
c ∈ U,

which implies (3.12), since

1− |φ(0)| ≤ 1− |cφ(0)| ≤ |1− cφ(0)| c ∈ U.
�

We want to recall that:

Lemma 2 ([5, Corollary 2.3]). A linear fractional map of the form

φ(z) = a+
bz

1− az

where a is a constant in U and b ∈ R maps U into itself if and only if

−(1− |a|2) ≤ b ≤ (1− |a|)2. (3.13)

Proposition 4, Lemma 2, and [5, Theorem 2.1] combine into proving the follow-
ing:

Corollary 5. A nonzero weighted composition operator Tψ̃,φ is Hermitian on H2

if and only if the functions ψ̃ and φ have forms

φ = a+
bz

1− az
z ∈ U (3.14)

where a ∈ U and b ∈ R satisfy condition (3.13) and

ψ̃(z) =
c

1− az
, (3.15)

where c ∈ R , c ̸= 0.

Indeed, by [5, Theorem 2.1], if ψ̃ is a bounded analytic function, then Tψ̃,φ is

normal and nonzero if and only if φ is an analytic selfmap of U having form (3.14),
for some a ∈ U and b ∈ R, (a fact which is equivalent to a and b satisfying (3.13) by

Lemma 2), and ψ̃ has form (3.15). As we saw, the restriction that ψ̃ be bounded
is superfluous (by Proposition 4).

Based on Corollary 5, we can provide a complete characterization of the Her-
mitean weighted composition operators on H2(Π+):
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Theorem 9. A nonzero weighted composition operator Tψ,ϕ on H2(Π+) is Her-
mitian if and only if ψ and ϕ are maps with the following properties. The map ϕ
should have form

ϕ(w) =
A+Bw

B + Cw
w ∈ Π+ (3.16)

where

A = |1 + a|2 − b, B = 1 + b+ 2iℑa− |a|2, C = |1− a|2 − b, (3.17)

and

a ∈ U, b ∈ R, (3.18)

satisfy condition (3.13). The map ψ must have form

ψ(w) = c
1 + ϕ(w)

1 + a+ w(1− a)
w ∈ Π+, (3.19)

where a and ϕ satisfy the conditions above, and c ∈ R, c ̸= 0.

Proof. By Proposition 1, Tψ,φ is Hermitian if and only if Tψ̃,φ is Hermitian. There-

fore φ and ψ̃ must satisfy the conditions in Corollary 5. The above conditions are
equivalent to the following:

ϕ(w)− 1

ϕ(w) + 1
= a+

bw−1
w+1

1− aw−1
w+1

w ∈ Π+ (3.20)

and

ψ(w)
w + 1

ϕ(w) + 1
=

c

1− aw−1
w+1

w ∈ Π+ (3.21)

for some a ∈ U, b ∈ R which satisfy (3.13), and some c ∈ R, c ̸= 0.
As the reader can easily check, (3.20) holds if and only if ϕ has form (3.16)

with coefficients satisfying (3.17), whereas (3.21) holds if and only if ψ has form
(3.19). �

The previous theorem does not show explicitly which nonzero weighted compo-
sition operators induced by a composition symbol with a fixed point in Π+ are
Hermitian. We prefer to obtain that piece of information by using our consider-
ations on numerical ranges, rather than using Theorem 9 (see Corollary 7 in the
next section).

4. Spectral properties

Let σ(T ) denote the spectrum of the operator T . The spectrum of some compact
weighted composition operators acting on H2 is characterized in the following:

Theorem 10 ([12]). If Tψ,φ is compact on H2 and φ fixes some q ∈ U, then the
spectrum σ(Tψ,φ) of Tψ,φ is given by formula

σ(Tψ,φ) = {0, ψ(q), ψ(q)φ′(q), ψ(q)(φ′(q))2, . . . , ψ(q)(φ′(q))n, . . . }. (4.1)

The above theorem combines with Proposition 1 and Lemma 1 into proving
a very similar spectral formula for compact weighted composition operators on
H2(Π+) induced by composition symbols with a fixed point.
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Theorem 11. Assume ϕ is an analytic selfmap of Π+ so that ϕ(p) = p for some
p ∈ Π+, ψ is analytic on Π+, and Tψ,ϕ is compact. Then

σ(Tψ,ϕ) = {0, ψ(p), ψ(p)ϕ′(p), ψ(p)(ϕ′(p))2, . . . , ψ(p)(ϕ′(p))n, . . . }. (4.2)

If Tψ,ϕ is a (not necessarily compact), normal operator, and ϕ(p) = p then

σ(Tψ,ϕ) = {ψ(p), ψ(p)ϕ′(p), ψ(p)(ϕ′(p))2, . . . , ψ(p)(ϕ′(p))n, . . . }, (4.3)

where the upper bar denotes closure. Finally, if Tψ,ϕ is a unitary operator induced
by some ϕ which fixes no point in Π+, then

σ(Tψ,ϕ) = T. (4.4)

Proof. Let the maps ϕ, ψ, φ, and ψ̃ be related as in Proposition 1. Then, for-
mula (4.2) is the immediate consequence of (4.1), Lemma 1, and Proposition 1,
whereas relations (4.3) and (4.4) are consequences of Lemma 1, Proposition 1, and
[3, Proposition 11 and Theorem 7]. �

In case the composition symbol ϕ of Tψ,ϕ is a half–plane automorphism, then
σ(Tψ,ϕ) can be determined in multiple particular cases. Here are some examples.
Denote iR the set of purely imaginary numbers (i.e. the vertical axis). Recall that,
a parabolic half–plane automorhism is a conformal half–plane automorphism fixing
one point situated on ∂Π+ = iR ∪ {∞} and no point in Π+.

Theorem 12. Assume ϕ is a parabolic half–plane automorphism. If ϕ(∞) = ∞
and ψ is an analytic map on Π+ with the property

ψ(s) := lim
w→s

ψ(w) exists, is finite s ∈ iR ∪ {∞}, (4.5)

and there is c > 0 so that

c ≤ |ψ(w)| w ∈ Π+, (4.6)

then Tψ,ϕ is bounded and
σ(Tψ,ϕ) = |ψ(∞)|T. (4.7)

If ϕ(p) = p, but p ̸= ∞, then there is a unique it ∈ iR so that ϕ(it) = ∞. If
ψ/(1+ϕ) is bounded away from zero, condition (4.5) holds for all s ∈ iR\{it}, and

lim
w→s

(1 + w)ψ(w)

1 + ϕ(w)
exists and is finite, for s ∈ {it,∞}, (4.8)

then Tψ,ϕ is bounded and
σ(Tψ,ϕ) = |ψ(p)|T. (4.9)

Proof. As usual, we consider the maps φ (the conformal conjugate of ϕ) and ψ̃(z) =
ψ ◦ γ(z)(1 − φ(z))/(1 − z). If ϕ(∞) = ∞, relation (4.7) is a direct consequence of

[18, Theorem 4.3]. Indeed, ψ̃ is a map belonging to the disc algebra, (by (4.5)), and

hence a bounded analytic map. One should note that ψ̃(1) = ψ(∞)φ′(1) = ψ(∞),
since φ is a parabolic disc automorphism with fixed point 1. This makes Tψ̃,φ,
bounded and so, Tψ,ϕ is bounded too and the two operators have identical spectrum
equal to

|ψ̃(1)|T = |ψ(∞)|T,
provided that ψ̃ is bounded away from zero ([18, Theorem 4.3]), a fact that holds,
given (4.6).

In case ϕ fixes p ̸= ∞, relation (4.9) follows as a consequence of [18, Theorem
4.3] as well, by a rather similar proof. Indeed, by a straightforward computation,
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one establishes that the range of ψ̃ is the same as that of (1 +w)ψ(w)/(1 + ϕ(w)),

w ∈ Π+ and so, ψ̃ is bounded away from zero if and only if ψ/(1 + ϕ) is bounded

away from zero. Also, the necessary condition that ψ̃ extends by continuity to the
boundary of the unit disc is equivalent to the fact that condition (4.8) holds and
condition (4.5) is satisfied for all s ∈ iR \ {it}. �

Next, recall that hyperbolic half-plane automorphisms are conformal automor-
phisms of Π+ with two distinct fixed points, both situated on iR ∪ {∞} and no
fixed point in Π+. If ϕ is such an automorphism and ψ belongs to a particular class
of analytic maps on Π+, then σ(Tψ,ϕ) is easy to find. Indeed:

Theorem 13. Let ϕ be a hyperbolic half–plane automorphism with fixed points α
and β. If the analytic map ψ is such that ψ/(1 + ϕ) is bounded away from zero
and continuously extensible to Π+∪ iR∪{∞}, then Tψ,ϕ is bounded and its spectral
radius r(Tψ,ϕ) is given by the formula

r(Tψ,ϕ) = max

{
|ψ(α)|√
ϕ′(α)

,
|ψ(β)|√
ϕ′(β)

}
, (4.10)

if α ̸= ∞ and β ̸= ∞. In case one of the fixed points, say α, is ∞, then the spectral
radius is

r(Tψ,ϕ) = max

{
|ψ(∞)|

√
ϕ′(∞),

|ψ(β)|√
ϕ′(β)

}
. (4.11)

If α ̸= ∞, β ̸= ∞, and
|ψ(α)|√
ϕ′(α)

=
|ψ(β)|√
ϕ′(β)

, (4.12)

then

σ(Tψ,ϕ) = r(Tψ,ϕ)T. (4.13)

If α = ∞ and |ψ(∞)| = |ψ(β)|, then (4.13) holds.

Proof. The proof consists in applying [18, Theorems 4.6 and 4.8] to the operator
Tψ̃,φ which is unitarily equivalent to Tψ,ϕ and note that, the fixed points of the

hyperbolic disc automorphism φ are a = γ−1(α) and b = γ−1(β). Like in Lemma

1, one has that ψ̃(a) = ψ(α) and ψ̃(b) = ψ(β) and so, the statements in this theorem
follow by [18, Theorems 4.6 and 4.8] if α ̸= ∞, β ̸= ∞. However, if α = ∞, then

a = 1 and, in this case, one has that ψ̃(1) = ψ(∞)φ′(1) = ψ(∞)ϕ′(∞), which
combines with [18, Theorems 4.6] into proving formula (4.11). If the fixed points
of ϕ are finite, then formula (4.13) follows by [18, Theorem 4.8]. In order to prove
(4.13) in the particular case α = ∞, it should be noted that the necessary equality
(4.12) is equivalent, in that case to

|ψ(∞)|
√
φ′(1) =

|ψ(β)|√
φ′(b)

hence to |ψ(∞)| = |ψ(β)|, since φ′(a)φ′(b) = 1, an equality valid for all hyperbolic
disc automorphisms having fixed points a and b [25, Remark 3]. By [18, Theorem
4.8], this ends the proof. �

We turn now to weighted composition operators whose composition symbol is
an elliptic half–plane automorphism. If ϕ is such an automorphism, that is if its
conformal conjugate φ is a disc automorphism, not the identity, with one fixed point
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q ∈ U, then let αq(z) = (q − z)/(1 − qz). This is a selfinverse disc automorphism
and, visibly, the conformal conjugate αq ◦φ ◦αq of φ is a disc automorphism fixing
the origin, hence a rotation. Two situations arise: either that rotation is by a
root of unity, which happens if and only if there is some natural number n so that
φ◦ · · · ◦φ, (n times) is the identity, but φ◦ · · · ◦φ, (n−1) times, is not the identity,
or that rotation is not by a root of unity. Keeping all that in mind, one can use
results in [18] to determine the spectra of certain invertible weighted composition
operators whose composition symbols are elliptic automorphisms:

Theorem 14. Let ϕ be an elliptic, half–plane automorphism fixing p ∈ Π+ and
ψ an analytic map on Π+ such that ψ/(1 + ϕ) is bounded away from zero and
continuously extendable to Π+ ∪ iR ∪ {∞}. If φ, the conformal conjugate of ϕ via
Cayley’s transform, is also conformally conjugated to a rotation by a unimodular
number, other than a root of unity, then Tψ,ϕ has circular spectrum, namely:

σ(Tψ,ϕ) = |ψ(p)|T. (4.14)

Else, φ must be conformally conjugated to a rotation by a root of unity of order n.
In that case, denote, as usual n

√
the multi–valued, complex n–th root. One has

that

σ(Tψ,ϕ) =
n

√
(ψψ ◦ ϕψ ◦ ϕ[2] . . . ψ ◦ ϕ[n−1])(Π+), (4.15)

where the upper bar denotes closure and ϕ[k] is the k–fold iterate of ϕ.

Proof. Equality (4.14) results by applying to the unitarily equivalent operator Tψ̃,φ
[18, Theorems 4.14] and Lemma 1.

For the case when φ is conformally conjugated to a rotation by a root of unity
of order n now, [18, Theorem 4.11] says that

σ(Tψ̃,φ) =
n

√
(ψ̃ψ̃ ◦ φψ̃ ◦ φ[2] . . . ψ̃ ◦ φ[n−1])(U). (4.16)

On the other hand, one notes that

(ψ̃ψ̃ ◦ φψ̃ ◦ φ[2] . . . ψ̃ ◦ φ[n−1])(z) =

ψ ◦ γ(z)1− φ(z)

1− z
ψ ◦ γ ◦ φ(z)1− φ[2](z)

1− φ(z)
. . .

. . . ψ ◦ γ ◦ φ[n−1](z)
1− z

1− φ[n−1](z)
=

ψ ◦ γ(z)ψ ◦ γ ◦ φ(z) . . . ψ ◦ γ ◦ φ[n−1](z) =

ψ(w)ψ ◦ ϕ(w) . . . ψ ◦ ϕ[n−1](w) w = γ(z), z ∈ U,
which proves equality (4.15). �

Corollary 6. The spectrum of a unitary weighted composition operator Tψ,ϕ acting
on H2(Π+) with elliptic composition symbol can be circular, namely

σ(Tψ,ϕ) =
√
ℜq
∣∣∣∣1 + p

q + p

∣∣∣∣T (4.17)

if the composition symbol ϕ is an elliptic half–plane automorphism fixing p, q =
ϕ−1(1), and the conformal conjugate φ of ϕ is not a map conformally conjugated to
a rotation by a root of 1. In case φ is a map conformally conjugated to a rotation
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by a root of 1 of order n ≥ 2, then let Gn be the subgroup of T generated by that
root of unity. One has that

σ(Tψ,ϕ) = cGn (4.18)

for some unimodular constant c.

Indeed, equality (4.17) is an immediate consequence of Theorem 14 and relation
(2.15). In the case when φ is a map conformally conjugated to a rotation by a
root of 1 of order n ≥ 2, the map under the radical sign in formula (4.15), must
be a unimodular constant, since the spectrum of a unitary operator is a nonempty
compact subset of the unit circle and hence, it cannot be a set with interior points.
Thus σ(Tψ,ϕ) must have form (4.18).

Given that isometric weighted composition operators were studied in previous
sections (see e.g. Theorems 6, 7), we wish to note the following, as a last remark
about their spectra:

Remark 3. By the Wold decomposition theorem and the well known fact that the
spectrum of a forward shift is the closed unit disc, the spectrum of Tψ,ϕ equals that
disc in case Tψ,ϕ is a non–unitary isometry.

As we know, the closure of the numerical rage of an operator is a superset
of the convex hull of its spectrum [16]. Prior to recording the numerical range
computations for weighted composition operators, which can be obtained from the
literature via Proposition 1, we need to recall a classical function theory theorem,
very useful for those who study composition operators. It is called, the Denjoy–
Wolff theorem and the reader is referred to [6] or [27] for it.

Theorem 15 (Denjoy–Wolff). The iterates of an analytic selfmap φ of U other than
the identity or an elliptic disc automorphism converge uniformly on the compact
subsets of U to a a point p necessarily situated in the closure of U.

We refer to p as the Denjoy–Wolff point of φ. If p ∈ T, then the angular derivative
φ′(p) of φ at p must exist, be a real, positive, number, and satisfy φ′(p) ≤ 1.
Inspired from the properties of conformal disc automorphisms, the maps φ with
property φ′(p) < 1 are called maps of hyperbolic type, whereas those with property
φ′(p) = 1 are called maps of parabolic type.

With this terminology, we can summarize in the following some computations of
numerical ranges of weighted composition operators on H2(Π+).

Theorem 16. Let Tψ,ϕ be a bounded weighted composition operator on H2(Π+).
Then:

(a) If Tψ,ϕ is a non–unitary isometric composition operator, induced by some
inner ϕ fixing some p ∈ Π+, then

W (Tψ,ϕ) = U if |ψ(p)| < 1, (4.19)

and

W (Tψ,ϕ) = {ψ(p)} ∪ U if |ψ(p)| = 1. (4.20)

(b) If Tψ,ϕ is bounded and ϕ is an inner function of parabolic automorphic
or of hyperbolic type, then W (Tψ,ϕ) is a circular disc centered at the origin. In
particular, all isometric weighted composition operators whose composition symbol
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is an inner function of parabolic automorphic or of hyperbolic type, have numerical
range equal to U.

(c) If Tψ,ϕ is unitary, ϕ has a fixed point p ∈ Π+ and ϕ′(p) is not a root of
unity, then W (Tψ,ϕ) is the union of U and a countable dense subset of T, more
exactly

W (Tψ,ϕ) = U ∪ {ψ(p)(ϕ′(p))n : n = 0, 1, 2, 3, . . . }. (4.21)

If ϕ′(p) is a root of unity of order n > 2, then

W (Tψ,ϕ) = ψ(p)Pn (4.22)

where Pn is the regular, closed polygonal region (boundary, plus interior), with
n sides, inscribed in the unit circle and having a vertex at 1. If n = 2, then
W (Tψ,ϕ) = ψ(p)[−1, 1].

(d) If Tψ,ϕ is normal, but not unitary and ϕ, not the identity, has a fixed
point p ∈ Π+, then W (Tψ,ϕ) is a closed convex polygonal region or a line segment.
More formally, if ϕ′(p) is not a real number, then W (Tψ,ϕ) is a closed, convex,
polygonal region whose vertices form a finite subset of the set {ψ(p)(ϕ′(p))n : n =
0, 1, 2, 3, . . . }. If ϕ′(p) is a real number, then

W (Tψ,ϕ) = ψ(p)[ϕ′(p), 1] if ϕ′(p) ≤ 0 (4.23)

respectively

W (Tψ,ϕ) = ψ(p)(0, 1] if ϕ′(p) > 0. (4.24)

(e) If Tψ,ϕ is normal and ϕ, not the identity, has a fixed point p ∈ Π+, then
Tψ,ϕ is Hermitian if and only if ψ(p) and ϕ′(p) are real numbers and, in that case
W (Tψ,ϕ) is given by (4.23) and (4.24).

Proof. In case (a), equation (4.19) is a direct consequence of Proposition 1, [24,
Theorem 8], Lemma 1, and the well known fact that the numerical range of a
forward shift equals U, whereas equality (4.20) is a consequence of Proposition 1,
[24, Theorem 13], and Lemma 1.

The statements in (b) are direct consequences of Proposition 1 and [24, Theorem
15]. The statements ϕ is an inner function of parabolic or of hyperbolic type mean,
of course, that the conformal conjugate φ of ϕ is an inner function of parabolic
respectively of hyperbolic type. By parabolic automorphic type, we mean that φ
has separated orbits with respect to the pseudohyperbolic metric. The reader is
also referred to [2] for more details on the Denjoy–Wolff theorem and the notions
related to it.

In order to prove (c) now, note that, by Proposition 1, Lemma 1, and the proof of
[3, Proposition 11], Tψ,ϕ is unitarily equivalent to ψ(p)Cϕ′(p)z, acting on H2. Then
one must have that |ψ(p)| = |ϕ′(p)| = 1, since Tψ,ϕ is unitary and so, its spectrum
must be a subset of the unit circle, whereas ψ(p)Cϕ′(p)z is a diagonal operator with
diagonal entries {ψ(p)(ϕ′(p))n : n = 0, 1, 2, 3, . . . }. Also, by a well known property
of numerical ranges, one has that

W (ψ(p)Cϕ′(p)z) = ψ(p)W (Cϕ′(p)z). (4.25)

On the other hand, according to [22, Proposition 2.1], W (Cϕ′(p)z) = U∪{(ϕ′(p))n :
n = 0, 1, 2, 3, . . . } if the unimodular number ϕ′(p) is not a root of unity, whereas
W (Cϕ′(p)z) is the regular, closed, polygonal region with n sides, inscribed in T and
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having a vertex at 1 if ϕ′(p) is a root of unity of order n ≥ 2. By equality (4.25),
one gets that (4.21) and (4.22) hold.

To prove (d), use an argument identical to the one used to prove (c) and [22,
Proposition 2.2].

A bounded operator is Hermitian if and only if its numerical range is a subset
of the real line. Then (e) is an immediate consequence of (c). �

As a consequence, we obtain the following characterization of Hermitian weighted
composition operators whose composition symbol has a fixed point.

Corollary 7. Let p ∈ Π+. Then the nonzero Hermitian weighted composition oper-
ators on H2(Π+) induced by selfmaps ϕ of Π+ fixing p are those whose composition
symbol ϕ has form (3.3) for some real ρ > 0 paired with weight symbols ψ satisfying
(3.2) for some real, nonzero constant c.

Finally, given an analytic selfmap ϕ of Π+, let φ denote the selfmap of the disc,
conformally conjugated to ϕ and let ϕ and ϕ̃ be related as in Example 2, then by
that example, one has that

σ(Cφ) = σ(Tϕ̃,ϕ), σe(Cφ) = σe(Tϕ̃,ϕ), and W (Cφ) =W (Tϕ̃,ϕ)

where σe(T ) denotes the essential spectrum of the operator T . Thus, the determi-
nation of the aforementioned sets for weighted composition operators of type Tϕ̃,ϕ
is immediate, provided it is known in the case of the composition operators Cφ,
unitarily equivalent to them. For a good source of information about when spectra
of composition operators are known, the reader is referred to [6].
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